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Smile Modeling: Requirements

° Flex1b1hty

Need to reflect the support of the underlying (e.g. compatible with negative IR)
Calibration to (typically) 5 european options

Potentially incorporate market value of convex products — control smile in the
wings

o Intuitive parameterization:

@ Transparent mapping of parameters to ATM level, skew and convexity
@ Control over the dynamics of the model (’backbone’)

o Tractability:

@ Robustness and performance critical — closed form solutions for european options
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Local Stochastic Volatility Models

dFt = O O'(Ft) . th

@ o() deterministic function

@ Usually determines the support of the distribution (e.g. shifted CEV)
@ Determines (partially) the skew
@ Controls the backbone

@ «; stochastic volatility process

@ Controls convexity via its volatility (’VolVol’ parameter)
@ Controls skew via its correlation to the driving Brownian Motion Wy
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LSV: Examples

e Pure Local Vol (a; = 1)
@ Case o(F) = FB well known. o(F) = a + bF + cF? completely solved (see

Andersen [2]).
@ Piecewise constant and piecewise linear studied in Lipton and Sepp[9] and Itkin

and Lipton[5].
@ Most other cases rely on numerical methods.

e Pure Stochastic Vol (o(F) = 1)

@ Usually supported in ] — oo, +o00|
@ (Normal) Heston: dz¢ = w(1 — z¢)dt + V\/ztthz, ap = /z¢.
@ (Normal) SABR: a¢ logNormal da; = Vattho‘

e Local Stochastic Vol
@ Heston (CIR+linear), Tremor (CIR + quadratic), Blacher[6] (LNMR + cubic),
Lipton([8] ("universal models’) and Jaeckel and Kahl[6] (Hyp + Hyp).
@ SABR (LN + CEV), see Hagan[2]

LSV generically not tractable: numerical methods required to
compute European Options prices.
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Other examples

o Levy Processes:
@ Finite activity: Poisson process.
@ Infinite activity: NIG, see Barndorff-Nielsen [5]. Applied to Inflation, see
Ticot[13]

Path Dependent

@ Path Dependent Volatility. See Guyon[10] and Shelton[12].

Mixture of Models

@ Density weighted average of other model densities. See e.g. Antonov et al[l].
@ Moment matching techniques
@ Sometimes over parameterized.

Implied Vol Parameterization
@ SVI see Gatheral[9]



Local-Stochastic Volatility for Vanilla Modelling: a Tractable and Arbitrage Free Approach

Disentangling Local from Stoch Vol

dFt = Q¢ O'(Ft) . th

@ Lamperti Transform
° Gy = [I du

Fy (W)

T T
@ Ito Lemma: G(Ft) = Mp — % fO afo"(Ft)dt with Mp £ fo atdWy (pure SV).

@ Drift Reduction: replace stochastic drift with a function of

maturity pr.

@ pp impacts primarily E(Fp) — designed to ensure correct forward Fy.

@ Mild impact on the volatility skew.

@ Similar approach applied for a pure LV process (piecewise linear), see
Schlenkrich[11] for a full discussion.

We adopt the definition:

Fr2gt (Mr — pr)

Local Vol encapsulated in functional G.
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Option Pricing

@ Notation: CY(K) = E(Yr — K). we have:

cf(K) = o(E)CM (ur + G(K)) +/ o' () CM (ur + G(K)) dk
K

@ proof (sketch):
@ Pay-off decomposition (carr-Madan, see e.g. Rouah[10]) applied to
Fp =G~ (Mr — pr)
’ 1"
@ Change of variables using (G_l) =60G™ ! and (G_l) =[oo'loG™ L.
@ Similar decomposition for any function of Frr (e.g. puts)

@ General case: efficient formula required for CM.

Next: focus on SABR models family
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Normal SABR

Set M, as a normal SABR process:

th = atth,
day = vaydW2

where dW; and dW;* are p—correlated BM under pricing measure Q.

@ Closed form solutions available as 2-d integral of elementary
fonctions (see Henry-Labordere[3], Islah[4] and Korn & Tang[7])
or as a 1-d integral of special functions (see Antonov, Konikov &
Spector[1] )...

@ .. but computationally too expensive when embedded into our
method (already involves one integral for generic LV).

@ Need for efficient arbitrage-free and accurate approximations.
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Normal SABR: LV projection

e Gyongy’s Lemma (see Gyongy/[l]): M, 4 L; where:

dLs = A/ V(L)dW; (1)

V(z)=E (af\Mt = z) 2

@ Remarkable result: V' (x) is quadratic (elegant proof in the line of
Balland and Tran[3]).

2
Li— M Li— M
stao\/l+2pV ¢ °+u2< ¢ 0) AW,
ag ag

@ Coordinate Transform

aQ
Ly = Mo+ —=zt
v
dzy = v/ 14 2p2z¢ +zt2th,zo = 0.
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Normal SABR: Jamshidian’s Trick

@ Reconstruction Formula:

Lt—Mo=% [—p+% ((1+p>&—%)}

zr 1
gTéezp(/ dz(1+2pz+22) 2)
0

Monotonic relationship between L; and &p

@ Jamshidian’s trick
Let €5 defined via K — Mg = 20 |:7p+ 1 ((1 T p)er — “E;K”))] Thus:

@0

1 1
Li— K 1 _ 1 _
t o (( +o)Er —EK) + ( P)(E 5T))

and
@0

(M, — )t £ 20 ((1 + o) (Er — €T+ (1 p)(— — iﬁ)
2v €K Er
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Normal SABR: a novel representation of option price

@ Exact representation of the call price

fe 1 1
CMUO:59(0+mCHQ»+u—mP€v—O
v fK

d 1—p)?
ﬁ:udwﬁL (1—p)v

—  dt, =1
& G+pe+-p = °°

@ LN approximation for subordinate process &p
@ Assuming €7 = [exp(#Wr), I' and # computed via moment matching.

@ Pricing formula for Normal SABR requires one BS call and one BS Put
@ Model arbitrage free. Works well.

@ Represent more closely dynamics of & for even better accuracy
and small computational overhead.
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Normal SABR: measure change.

@ Define h; via & = e, We have:

v _
dhy = dWy — 5 tanh (u(ht + h)) dt
_ 1 1
h2 _1n J
2v 1—0p

o Change of measure using the martingale 0

dez v _
= — tanh(v(h¢ + h))dWy,
or 2
@ Associated measure Q* defined via &5 = 07

@ Per construction, hp standard (driftless) Brownian under Q*.
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Normal SABR: local projection and density

@ Local projection of Radon-Nikodym derivative

@ solve for f such that d {%} = O(dt) — f(h) = cosh (u(h + ﬁ))
t

@ Tractable projection

« | 1 1 | f(hr)
E — | = E h 5
[0;\ T:| Fhe) [ o | T:|

(38— e vlhrthl g

Lo-%inrth 2 ,
v 2 6t (hr)

@ Density

E (8, (hp)) = E* <5h(hT)) _ g (]E*

Or

%m} 6h(hT)> 3)
T
h

s (th)) e 3T @
ot (hp) V2rTot (hr)

INT
S
<
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Normal SABR: Summary

@ Normal SABR option price
M ap ¢ 11
CY(K)=— | (1+pC(Ex)+ (1 —-p)PE(—)
2v £

+
° gT _ euhT ~ FthT
@ T enforce re-pricing of the Forward (closed form).
—¥1nthl ( 3oze=vIh+h] )
¢ 2
A

. to. a e
@ Density of hT is o(h) = 5 e T

n2
2T

1
@ C¢() and PE () closed form (few calls to the normal CDF)
@ Arbitrage free by construction for any configuration.

@ Formula accurate for expiries as long as 50Y.



Normal SABR: Comparison Exact, Hagan and New

@ Normal SABR: swaption tenor is 10 years, maturities 10 to 50 years. Forward Fo = 2%,
ATM normal Vol 6 = 0.5%, Vol-of-vol v = 20% and correlation p = 50%. Comparison of
implied PDF (left vertical axis) and normal implied volatility (right vertical axis) for
our new approach (“New”), the exact approach in Antonov et al[l] (“Exact”), and the
asymptotic approximation in Hagan et al[2] (“Hagan”) for the Normal SABR model.
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Normal SABR: Exact,
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Local Volatility specification

@ Standard Local Vol o(F) = (max(F + m,()))ﬁ
@ Allows for negative IR, but shift m somehow arbitrary. Approach doesn’t support
stress tests scenarios.
@ Little control over the dynamics.
@ No control over high strikes.

@ Our approach provides total control over the LV. Possible spec:

£
max(-, 0) replaced by a regularized version, e.g n(e, f) = eln(1 4+ e€).
B can be made spot dependent by introducing two levels (8;, Bp)-
Add a term for high strikes, e.g. ¥Ymax(F — F},,0) (or regularized version).

local volatility function

—base
£20.001, $=0.5,

Figure: Control over the wings of the LV (normalized at the forward Fy = 0.02) varying e
and ¥. Base case (square-root LV): 8; = B} = %, e=0, F, = Fg + 8% and ¥ = 0.
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SABR LV: Calibration

Assuming a LV ¢ has been chosen:
@ Pricing Equations

o CF(K) = o(K)CM (ur + G + [ 7 o/ ()CM (1 + G(k) dk

o PF(K) = o(K)PM(G(K) + ) — [ o' (0)PM(GR) + ) dk

1
o cM)=3L (<1+p>05(5m +(1-p)PE <§))

@ Model Calibration

Forward: CF(FO) — PF(FO) = 0, mostly governed by ur
ATM Straddle: CF(FO) + PF(FO) =6 %, mostly controled by ag.

Good initial guess for (ur, ag) available.
Standard 2-d solver performs well.
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Figure: implied PDF (left vertical axis), LV and implied Normal volatility (right vertical
axis) for a model calibrated to swaptions implied volatilities (Market) and the CMS convexity

0.006

adjustments (61 basis points). Forward Fy = 1.833%, ATM Vol 6 = 0.533%, Vol of vol

v = 16.5%, correlation p = 7%, 8; = 26.5%, By, = 0%, € = 0.0032 and ¢ = 47.7
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Conclusion

o New mechanism to combine arbitrary LV and SV.

Tractable when efficient option pricing under SV available
Applied to SABR LV
o New arbitrage-free, accurate and efficient proxy for pricing
under Normal SABR.
e Example of practical LV. Calibration to Swaptions and
CMS.
e Resulting distribution smooth and well behaved.

Method generic and can be applied to other LSV models.
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