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Model

yit = αi + β
0
Ft + γ

0
xit + uit

Ft = Ft�1 + εt

xit = xit�1 + εit

zit = λ
0
iFt + eit . (1)

where

yit is a scalar,
Ft is a R � 1 vector of common factors. Note Ft may not be
observable.
xit is a p � 1 vector of individual speci�c explanatory variables,
β and γ are R � 1 and p � 1 vectors of the slope parameters of
interest.
αi is the individual e¤ect,
(uit , εit , εit , eit ) are a iid.
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HYPOTHESES OF INTEREST

The problem of interest is to test the changes in the parameter θt ,i.e.,
under the null

H0 : θt = θ

for all t. The alternative hypothesis,

HA : θt =

�
θ1 for t = 1, ..., k
θ2 for t = k + 1, ...,T

(2)

where θt = (βt ,γt )
0
.

Test the constancy of the slope parameter γt .

Test the stability of the factor structure βt .
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Useful Notes:

wt = Ft � T�1 ∑T
t=1 Ft and x̃it = xit � 1

T ∑T
t=1 xit

1
nT 2 ∑n

i=1 ∑T
t=1 wtex 0it = op (1);

1p
nT ∑n

i=1 ∑T
t=1 wtuit

d�! σu
�R
B εB

0

ε

�1/2
� Z1, where

Z1 � N (0, IR ) . Recall σ2u = Var (uit ) and

Ftp
T

d�! Bε.

B ε is the demeaned Bε.
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Block Design Matrix

1
nT 2

�
∑n
i=1 ∑T

t=1 wtw
0
t ∑n

i=1 ∑T
t=1 x̃itw

0
t

∑n
i=1 ∑T

t=1 wt x̃
0
it ∑n

i=1 ∑T
t=1 x̃it x̃

0
it

�
=

�
Op (1) op (1)
op (1) Op (1)

�
.

β̂� β and γ̂� γ are asymptotically independent. β̂ and γ̂ are OLS of
β and γ.

Chihwa Kao, Lorenzo Trapani, and Giovanni Urga (Syracuse University and Cass Business School )Modelling and Testing for Structural Breaks in Panels with Common and Idiosyncratic Stochastic TrendsDecember 2006 5 / 17



Block Design Matrix

1
nT 2

�
∑n
i=1 ∑T

t=1 wtw
0
t ∑n

i=1 ∑T
t=1 x̃itw

0
t

∑n
i=1 ∑T

t=1 wt x̃
0
it ∑n

i=1 ∑T
t=1 x̃it x̃

0
it

�
=

�
Op (1) op (1)
op (1) Op (1)

�
.

β̂� β and γ̂� γ are asymptotically independent. β̂ and γ̂ are OLS of
β and γ.

Chihwa Kao, Lorenzo Trapani, and Giovanni Urga (Syracuse University and Cass Business School )Modelling and Testing for Structural Breaks in Panels with Common and Idiosyncratic Stochastic TrendsDecember 2006 5 / 17



Mixed Normality and Normality

1p
nT ∑n

i=1 ∑T
t=1 wtuit

d�! σu
�R
B εB

0

ε

�1/2
� Z1. B ε is a demeaned of

Bε.

1p
nT ∑n

i=1 ∑T
t=1 xituit

d�! N
�
0, cΩεσ2u

�
.

Mixed normality is due to
R
B εB

0

ε is a random matrix: (1) Ft or wt is
shared by all i and (2) Ft is I(1).
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under the null of no structural change

β̂γ̂

p
nT
�

β̂� β
γ̂� γ

�
d�!
 �R

B̄εB̄ 0ε
��1/2

σup
6Ω�1/2

ε σu

!
� Z

where

Z � N
��

0
0

�
,

�
IR 0
0 Ip

��
.
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F is not observed

The estimator of Ft , F̂t , can be found by the method of principal
components, e.g., Bai and Ng (2002, 2004)) using zit .

p
nT
�

β̂� β
γ̂� γ

�
d�!
 �R

B̄εB̄ 0ε
��1/2

σζp
6Ω�1.2

ε σu

!
� Z

σ2ζ = σ2u + σ2Π where σ2Π is caused by the estimation error, F̂t � Ft .
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The Wald Test Statistic

Let ŵt = F̂t � T�1 ∑T
t=1 F̂t and Ŵit = (ŵ 0t , x̃

0
it )
0

θ̂1k =

 
n

∑
i=1

k

∑
t=1
ŴitŴ

0
it

!�1 n

∑
i=1

k

∑
t=1
Ŵityit ,

and

θ̂2k =

 
n

∑
i=1

T

∑
t=k+1

ŴitŴ
0
it

!�1 n

∑
i=1

T

∑
t=k+1

Ŵityit .

W(k) =�
θ̂
�
1k � θ̂

�
2k

�0 24 �
∑n
i=1 ∑k

t=1 ŴitŴ
0
it

��1
+
�

∑n
i=1 ∑T

t=k+1 ŴitŴ
0
it

��1
35�1 �θ̂

�
1k � θ̂

�
2k

�
with

θ̂
�
jk =

�
σ̂2ζ IR 0
0 σ̂2u Ip

��1
θ̂jk , j = 1, 2.
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Limiting Distribution

Under the null, W([T �]) d�! D (�) = QR (�) +Qp(�)

QR (r) = s (r)
0 V�1 (r) s (r) ,

Qp(r) =

h
B((1� r)2)� B

�
r2
�i0 h

B((1� r)2)� B
�
r2
�i

r2 + (1� r)2
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Let S1 (r) = σ�1ζ

R r
0 B̄εdB and S2 (r) = σ�1ζ

R 1
r B̄εdB, where B (�) is

a standard Brownian motion. De�ne

s (r) =
�
S1 (r)
S2 (r)

�
,

M1 (r) =
R r
0 B̄εB̄ 0ε, M2 (r) =

R 1
r B̄εB̄ 0ε, and

V�1 (r) =
�
IR 0
0 �IR

� �
M�1
1

M�1
2

� �
M�1
1 +M�1

2

��1 �
M�1
1 M�1

2

� � IR 0
0 �IR

�
.

For a given r , QR (r) and Qp(r) are independent such that

QR (r) � χ2 (R) ,

Qp(r) �
(1� r)2 � r2

(1� r)2 + r2
χ2 (p) .
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Sup, Mean and Exp Wald

SupW(k) = sup
[Tr �]�k�T�[Tr �]

W (k),

AveW(k) =
1
T

T�[Tr �]

∑
k=[Tr �]

W (k),

and

ExpW(k) = log

(
1
T

T�[Tr �]

∑
k=[Tr �]

exp
�
1
2
W (k)

�)

Under the null, SupW([Tr ]) d�! sup
r ��r�1�r �

D(r),

AveW([Tr ]) d�!
R 1�r �
r � D(r)dr ,

ExpW([Tr ]) d�! log
nR 1�r �

r � exp
� 1
2D(r)

�
dr
o
.
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Monte Carlo Simulations

yit = αi + β0tFt + γ0txit + uit

Ft = Ft�1 + εt ,

xit = xit�1 + εit ,

and
zit = λ0iFt + eit

where 0BB@
uit
εit
εit
eit

1CCA iid� N

0BB@
2664

0
0
0
0

3775 ,
2664
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3775
1CCA . (3)
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Size SupW

Size at the 5% Level
T/n 20 40 60 120 240 480
20 0.0190 0.0282 0.0294 0.0339 0.0275 0.0252
40 0.1452 0.0563 0.0479 0.0351 0.0331 0.0427
60 0.0640 0.0467 0.0508 0.0492 0.0406 0.0475
120 0.2448 0.0585 0.0614 0.0538 0.0508 0.0410
240 0.1131 0.1207 0.0922 0.0593 0.0562 0.0534
480 0.0742 0.1699 0.0611 0.0658 0.0753 0.0693

Panel A. Size for SupW
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Size for ExpW

T/n 20 40 60 120 240 480
20 0.0394 0.0538 0.0515 0.0544 0.0550 0.0506
40 0.1824 0.0820 0.0690 0.0526 0.0516 0.0614
60 0.0805 0.0609 0.0645 0.0641 0.0536 0.0615
120 0.2504 0.0680 0.0691 0.0616 0.0597 0.0493
240 0.1135 0.1187 0.0943 0.0624 0.0596 0.0545
480 0.0743 0.1513 0.0621 0.0645 0.0716 0.0657

Panel B Size for ExpW
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Size for AveW

T/n 20 40 60 120 240 480
20 0.0700 0.0836 0.0797 0.0827 0.0862 0.0734
40 0.2056 0.1109 0.0982 0.0782 0.0817 0.0873
60 0.1114 0.0922 0.0932 0.0911 0.0833 0.0881
120 0.2627 0.0974 0.0967 0.0933 0.0861 0.0810
240 0.1441 0.1438 0.1182 0.0902 0.0899 0.0827
480 0.1010 0.1694 0.0915 0.0913 0.1001 0.0952

Panel C. Size for AveW
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Conclusion

This paper develops a set of tests for testing the structural change for
the regression parameters and stability of the factor structure in large
n and T panels with common and idiosyncratic trends.

The limiting distributions of the proposed test statistics are derived
and they are free of nuisance parameters (depend on the rank of the
regressors).

A set of Monte Carlo experiments are conducted to evaluate �nite
sample performance of the proposed tests.

The simulation results that all three test statistics perform well when
the cross-sectional dimension is as large the time series dimension. All
three test statistics tend to oversize if the cross-sectional dimension is
small.
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