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Linear regression with break

Yt Oz—|—5/133t—|—ut t=1,..., kg
Yyt = a+B’2xt—|—ut t=ko+1,...,7T

0 = 07 = By — B1 # 0...size of break

ko = [ToT] 70 € (0,1) 70 unknown

Goals

e estimation of the date of break: k

e inference about the date of break



Standard assumption:

Size of break is diminishing as the sample size in-
creases

Main questions:

motivation?

justification?

can it be relaxed?



Cost of assuming shrinking break:

Rate of convergence

e Shrinking break
T —>o00: 6=6p—0,  TI67]]> =

k— ko = Op (I67]7%)
e Fixed break
o =26

k—ko=0p(1) = op (|1671172)

Fixed break: tighter confidence intervals for k



Asymptotic distribution

e Shrinking break

v% (lAc — k0> q, arg min W (1)

where v ~ ||d7|| and

Wl(T)—F@ T >0,

W(T):{ Wa(—m)+ 12l 7 <o,

W1, Wo. . .independent standard Brownian mo-
tion processes on [0, c0)

— distribution free
— nuisance parameter free

— distribution function known explicitly



Asymptotic distribution

e Fixed break

k— ko <, arg mkinW(k)

where

o Zle Trri0 — 26/ Zle LUt
Wi(k)=140
o' Zg:k rrxi0 + 20 Zg:k TUt

— 0 unknown

— x¢, ut . . .unknown distribution

k> 1,
k=0
k< —1.



Inference under fixed break

e Hinkley (1970)
— assumption: distribution of x¢, u; is known
— simple case of x; =1 and uy ~ iid N (0,1)

— analytical solution for density function

e Antoch, Huskova (1999)
y; = 64—|—B/1xt—|—u2k t=1,...,k
yi = &+ Bomy + uf t=k+1,...,T
iid data: Efron’s (1979) bootstrap



Our paper
e Assume the size of break is fixed
e Allow for strongly dependent data

e k...least squares estimator

e Estimate distribution of k& by a bootstrap pro-
cedure



Results

e Assumption of fixed break technically possible

e Distribution of k can be approximated by boot-
strap



Assumptions

e x, uy strictly stationary, mutually independent
o Flx; =0, Euy = 0, finite fourth moments



Bootstrap procedure

(1) obtain bootstrap sample of u}

(2) construct bootstrap sample

Lk

/\ A,
y;fk Q let u’;fk ’
-+ 1,..., ]

t=1,
yi = &+ Bowp+uf  t=h
(3) estimate the time of break k*

(4) repeat many times and approximate distribution
of k — kg by the bootstrap distribution of k* — k



Bootstrapping dependent data

e parametric bootstrap
— AR(p) parametric process - Franke, Kreiss

(1992)

e nonparametric bootstrap
— blocks - Carlstein (1986), Kiinsch (1989),
— subsampling - Politis, Romano (1992)

— sieve bootstrap - Biihimann (1997, 1998)

e frequency domain bootstrap

— periodogram (Franke, Hardle (1992))

— discrete Fourier transform (Hidalgo (2003),
Lazarova (2005, 2006))



Bootstrapping dependent u;

no model assumed - nonparametric procedure needed

Wold decomposition:

00
Ut =— Z bjat_j bo =1
j=0

= B(L)et
1
= (1-L) %W (L)e 0<d<
B(z) =>520 bz’ V(z) =20 wjzj
g¢. . . white noise ?‘;O 1&? < 00

fu) = 1= 7w (e £ ()




ur = (1 — L)Y" W (L) g

if we knew wuy, d, V:

1. deconvolve

e =W(L) 11 - L) w
2. resample ¢; — obtain &7

3. construct

uf =(1— L)Y W (L)et

but u¢, d, ¥ not known



Estimators of u, d, W

ut. . . estimated by OLS residuals iy

d...estimated from residuals by e.g. local Whittle
estimator of Robinson (1995)

V. ..obtain estimate fu of spectral density f

~n

put [ (=) " = fu (M) (1 - e )

obtain W (e_MJ) by the canonical decomposi-

tion



VaN VaN

With estimated 4, d, W:
1.2, =W (L) 1-10)a
2. resample &; — obtain £}
3. construct

uf = (1- L)~ (L)¢

with appropriate truncation



Bootstrap procedure

(1) obtain bootstrap sample of uf by the above
method

(2) construct bootstrap sample

yz‘ — 64—|—Blla;t+u2k tzl,...,l/%
yi = a4 B t+ul  t=k+1,...,T

(3) estimate the time of break k*

(4) repeat many times and approximate distribution
of k — ko by the bootstrap distribution of * — k



Results

Under regularity conditions,

(1) for any finite K,

% * d*
(uko—K’ “ e uko+K) — (UkO_K, c e UkO+K)

(2)
(3)

R N arg mkin W (k)
(4)

VaN

T1/2 ( By - By ) L N(0,V)
B2 — B2



Conclusions

e Breaks should be assumed fixed

e Breaks can be assumed fixed

e Distribution of k can be estimated by a boot-
strap procedure

e Bootstrap based on two-step prewhitening (frac-
tional differencing and sieve)



Further steps and possible extensions

e more than one break

e deterministic components

e bootstrap in time domain
Kapetanios and Psaradakis (2006), Poskitt (2006)
- comparison of performance



Lag order

e Biihlmann (1997): AR(pr) with

pn = o ((n/logn)!/*)

e our procedure:

M = o ((n/ Iogn)1/3>
M1 0 (n_1/2)

— our procedure: greater number of lags

— this is to be expected as our procedure al-
lows for strong dependence of data



Bootstrap procedure

1. Obtain centered least squares residuals

~ - - & A —
Ut = (yt —9)—0 (vt —T)=0 (%4 = 2), t=1,..,n

2. Estimate d by the local Whittle estimator d pro-
posed by Robinson (1995b),

d=arg min H(a
gaG[OA] (a),
where 0 < A < 1/2,

H (a) = log ( Z A2%Taq (A )) = Z log \;

for integer m € [1,[n/2]), where Iaﬂ (>\) =
lwg (M)|? / (27) is the periodogram of 4, with
the bandwidth m satisfying condition 1/m +
m/n — 0 as n — oo.

3. Let

N\

> Iaﬁ ()\ + )‘j) .

m

12|
]j=—m

h(\) =




4. Let M = [%] and compute

1 [2/2] A AT
Gr==3 loghe, 7, r=1,..
nl:m—l—l

<
~—~
a
.
S
S
~—
|
L]
X
©
—
|
o
ﬁ
a
.
=
>
S

A 1 & i
f= i 2 IR (A), =
J:
where
~ M
Rj = Z:ble_d)\]v j=1..n,
=0
1 ’I’L—]. A )
ﬁl - ]GZZ)\j1 l:()a 7M1
n
71=1



/
7. Draw a random sample ¢* = (6?,63,...,8;;)
with replacement from the empirical distribu-
tion of the residuals &;, P* (52‘ = éj> — n1

for 2,7 = 1,...,n, and compute the discrete
Fourier transform w.+ of €*, that is

j TN ,
w8*<)\j>:m;€fe wA; i =1,....,n.

. Compute
1 & itn A

* (4 ) . _
U = —75 Z e B jwex ()\j> , t=1,...,n,
where

= M ~

Bj — Z ble_ZlA‘ya J =1, y T,

[=0

A 1 n—1 R )

bl = — BjGZD\J, [ =0, , M,

A A NI

B = g \U(ezﬂ), j=1,...,n—1

9. Construct bootstrap sample y;,

y; = Bla:t + 3,275 +uy, t=1,...,n.



Estimation of spectral density

prewhitening, smoothing

2m1+ ; i \/\+/\j\231@,& (A+ X))

j=-—m

fv (A) =

where

m=m(T) —0 as T — oo



Examining parameter instability

e Model diagnostics

Model adequate?

More structure needed?

e Instability itself of interest

Alternative: One-time structural break

Was there a break? When?



Linear regression with break

Y = a—l—ﬁ’lxt—l—ut t=1,...,kg
yr = o+ Bhrt + u t=ko+1,...,T

Least squares estimator k of ko

Uy, . . .vector of residuals of regression with break at
k

S (k) = ||@||?. . . sum of squares

Estimator of the breakpoint:

k= arg mkin S (k)



Assumptions

o {x:} and {u;} are strictly stationary linear processes

frx, fuu---spectral density functions of {x:},

{ut}

o
@) ©. @) 5
Tt = Zajgt_j, Zaj <oo, ag=1
J=0 J=0
oo oo



o {&;} is a stochastic process that satisfies £{; =
0, B¢.£L = =, & has finite fourth moments

e {c:} is a stochastic process that is independent
of {¢;} and that satisfies Es; = 0, Fe? = o2
and Eeé1 < 00

e [ he matrix functions
m P m P
AN =Y aje¥* and B(A) = Y bie?

satisfy the following:

L |Aj; V)| ~ CpgA™%d, [B(A)| ~ Cud™% as
A — O+, dx],due( ! 3)

2. A()\) and B () are twice continuously differ-

entiable on (0, 7] and ||dA()‘) =0 (M)

4|0 (22)




3. [[A(N)]] > 0and |B(A\)| > 0 for all A € (0,n].

o Q=27 ["_ foa(A)fuu(X)dX < oo,

> = FE(x?) >0



Consistent estimators of X, 2

and

as proposed by Robinson (1998)



Fourier transform

Discrete Fourier transform of vy fort =1,...,7T"

T
1 .
wy(A) = (2eT) 2y we™  0< A< 2n
t=1
Fourier frequencies: \; = 275 /T j=1,...,T

Inverse discrete Fourier transform:

1T

a= () )

j=1

Periodogram:

Iy (A) = |wy (N)|?



Time domain

Berk (1974)

oo
2 bjo—j=et  do=1
j=0

AR(o0) representation of the process

Truncation
k(T)
w=—Y g te
Jj=0

Some necessary conditions:

— 0...consistency

L3
T
k - :
i 0...asymptotic normality



Bithlmann (1997, 1998): sieve bootstrap

KT)

* * *

vi == D dvij e
7=0

Robinson (1987)

I
\.I—‘

m N
Y o) v—j=¢8
=0

recovering innovations



Possible solutions

(1) assume distribution of ¢, u; is known

(2) assume size of break is shrinking with sample

size

(3) estimate distribution of ¢, uy



Cumulative distribution function of arg mins W (1)

known

Picard (1985)
Bhattacharya (1987)
Yao (1987)

Bai (1994, 1997a,b)
Bai and Perron (1998)
Fiteni (2002, 2004)

Lazarova (2005, 2006)



