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STRUCTURAL AND REDUCED FORM EQUATIONS:

yi1 = B1Yie +ui, 1 < [nr],

Yio = [3Yio +uy, 1> [nr],

1 =1,2---,n, n represents sample size.

r € Z, = is a set whose closure lies in (0,1).

Y;Q - ZCQH + ‘/;27

Yoo I x 1, z;: kx1. 1I: kExI.
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STRUCTURAL CHANGE TESTS:

Hy: 1= [s.

THE PROBLEMS IN WEAK IV CASE:

1. Tests in weak IV involve Hy : 81 = By,

2. The estimates of parameters are inconsistent, standard test

statistics are not asymptotically pivotal.

3. There can be asymptotic bounds in certain tests in GMM, like-

lihood ratio test, Anderson-Rubin and Kleibergen like tests.

4. There may be waste of power.



Reparametrized Structural Equation:

yi1 = 0'Yio, + B5Yi0 + iy,

0= pr— B

}/iQT = Y;Q]-{zg[nr]} (l X ]-)

REDUCED FORM SYSTEM:

Y1 = Xp110 + X115y + vy,

1/27“ - XTH + Vv27“7

X, is formed by stacking vectors 31 (i<[n)
U1r = ‘/27“5 + ‘/262 + u.



NEW TEST:

COMPACT REDUCED FORM SYSTEM:

Y} = X?“H* + X[HB%O] + V;“?

V;“ — [7]17“7 ‘/27“]

Y;“ — [917 Yv??"]

I, = A", A =[5, 1]’



INVARIANT SUFFICIENT STATISTICS:

S, = X! Y,dy = X}y,

T. = X"Y,Q " A.

X* = MyX,
Y, =ly1, Y]
Ay =05, 1]
do = [1,07)f

Every column of Ay is orthogonal to dj.

Assume at this point V;. is normal with mean zero with nonsingular

variance covariance matrix:

QT = [wij,r] .



Distributions:

S, ~ N(X* X106, X7 X wiy,),

vee(T.) ~ N(vec( X" X TLA'Q Ay, (400" 4p) @ XF X)),

S, and T, are independent.
S, has a null distribution not dependent on 4, II.

T, under the null of § = 0, 1s sufficient statistic for II.



TEST STATISTICS:

ANDERSON-RUBIN TYPE OF TEST: H :

Sxrxn) s,

AR :
a0, dy

)

where
Q= Y[MzY,/(n— k),

Z. =X, X,],

My, =1—-2,(2'2,)"Z.



Asymptotics: IID CASE

Theorem 1. Under the null hypothesis of no structural change

and standard regularity assumptions

sup AR 2 sup VE() = TWaLF[Wi(r) = rWa(1)

res rez 7‘(1 — 7”)

J

where Wy(r) is the k dimensional standard Brownian Motion. k
represents number of instruments



Kleibergen type of test:

S/TI[IN X ¥ X *T0] TS,

LM = .
ay0,dy

)

where

= (X7 X)) T (A0 Ag) ™

Theorem 2. Under the null hypothesis and regularity assump-

tions, with weak instrument asymptotics Il = C'/y/n

sup LM N sup
re= reE 7"(

(Wilr) — rWi(1)]'Wir) — rWi(1)]
1—7) '

| represents number of parameters.



Smoothing Idea, Time Series Case:

Let 6 denote the parameters, z; represents the data, g(z;, ) rep-

resents moments. Denote g(z;,0) as g;().

Guggenberger and Smith (2006), Otsu (2006), Smith (2004) pro-
pose the following:
i—1
gin(0) = S, X k(j/Sn)gi—;(0),
j=i—n
where S,, is a bandwidth parameter, S,, — oo. k(.) is kernel, GS use

truncated kernel.

We allow for triangular array of random variables that are near
epoch dependent.



ANDERSON-RUBIN TEST:

(Y, X ) Qi (X )

AR = :
2n

where

(X7 g = (X790)* = (X]X)[XX)] (X ).

n 1—1
(X y1)" = ; S k(j/Sn)TizjrYizijr-

? ji=t—n

~ S n /

Oy = ;n S (wiryi)? (yinay, ).

1=1



Asymptotics:

Lemma 3. Under regularity assumptions and under the null,
uniformly over r
Qll,r & 27“(1 — T>E:wl;

n

where ¥,p1 = lim, 00 var[n ™2 £, zv4].

Extend GS (2006) from full sample case to partial sample. The
result changes now we have extra multipliers 2r(1 — ) in the limit

compared to GS (2006).

Corollary 1. Under the null of no structural change and regu-

larity assumptions

cp A7 2 g LT = PRI 1V C1)



VARIANT OF ANDERSON-RUBIN TEST IN CANER (2007):

STEP 1: OBTAIN THE RESTRICTED PARTIAL SAMPLE LIML ESTIMATOR

B(r) = argmin[nr]A,(5,7) + [n(1 — )] A.(8,1 — 1),

re=
where

[ (i — 8Yio) X (2] i) 2 (a — Vi) Xi

An(Byr) =
(i i = AY) XS (v — BYi2) Xi] = [ (i — B'Yi2) X[ aial] T (i — B'Yi2) X,

where A, (5,1 — r) is the other partial sample in the sum from [nr] + 1 to n.

STEP 2: USE THIS IN TEST STATISTIC FOR H, : 8, = $, (BOUNDEDLY PIV-
OTAL)

sup Sy = sup{{nr][1 + An(B(r), )77 + [n(1 — )]l + Au(B(r), 1 =) 77}

re=



ASYMPTOTICS:

sup S,, 1s asymptotically bounded by the following distribution

(Wie(r) — r WiV [Wi(r) —rWi(D)]
1 ) + Xp-

su
Teg 7“(

Compared with Corollary 1, this may be conservative with number
of instruments (k) getting large.



Kleibergen Type of Test:

— _l — R
LM =S hac.r PTham S hac,rs
where

ghac,r — 2_1/277/_1/2{21_11,7/“2(Xfr*/yl)wa

Thacr — Q1_1:%2[ m1/2 Z (xl”f'}/vl/Q?Jw 921 T’QH rn 12 Z( zryl ) ]

1=1 7=1

Corollary 2. Under the null and regular assumptions with weak

instrument asymptotics (Il = C'/y/n)

(Wilr) — rWi(D)] Wilr) — rWi(1)]
r(l =) |

sup LM N sup
r T



COMPARISON:

1. The limit depends on number of parameters to be tested “1”.

2. It can have better power than the other AR based test where

the limit in Corollary 1 depends on number of instruments.

3. This is the same limit as in Andrews (1993) LM test. But that

test only works when there is standard identification.



Boundedly Pivotal Kleibergen Type Test:

Step 1. Estimate

Bk (r) = arg min K, (5,7),

Step 2. Use that in test statistic for H : f; = (2

sup K,L(@K(r), r).

’ILT’

A [nr]
K. (B,r) = [nr] 1/22¢ Ql ~1/2 P(Ql) 1/2D1 (B )(Q) 1/2[[”7’]_1/2Z¢i(5)]

+ [[n(1 e Z Di(B)] (22) 2 Py 12 .0y (S22) 21 — 1)) /7 i ¥i(B)]

i=[nr]+1 1=[nr]+1



Terms:

N [ror] A A [ror]
Dy(B,r) = (n~'/? ) 5:Yh) — Q) (n ) vi(B)).
%‘(5) = (yil - BIYQ)Z&',

. [n7] _ _
Qg = [nr] ™! El(xiy/g — XYo)(vi(B) — ¥)".

[nr]

Oy = [nr] Y (¥ — D) (W — D).

1=1



ASYMPTOTICS :

sup K,,(8,7) is asymptotically bounded by the following limit

p W) =PIV~ W)y

This clearly shows that the limit in Corollary 2 is more useful in
small samples than the bound limit in Caner (2007).



Table 1: Size at 5% level

Tests M=1k=2 II=1k=2 lI=1,k=5 IlI=1,k=5
sup AR 4.0 3.0 7.3 7.1
sup LM 6.0 3.4 18.9 5.9
sup Sy, 0.0 0.8 0.1 0.9
sup K, (5, 1) 0.1 0.1 0.0 0.0

Note: n =100, 1000 iterations are used to generate the table.

Table 2: Power, [1 = .1,k =2

Tests d=5 o0=1 6=—-1 6 =-5

sup AR 14.5 7.9 7.8 13.6
sup LM 20.6 10.1 8.5 16.3
sup S, 0.7 0.0 0.0 0.5

sup K,(5,7)| 0.7 0.3 0.1 0.5
Note: n = 100, 1000 iterations are used to generate the table.

0= P — s




Table 2: Power, [1=.1,k =5

Tests =5 d06=1 6=-1 6 =-5

sup AR 24.7 10.2 12.5 22.8
sup LM 49.8 19.3 13.2 37.3
sup S, 0.7 0.0 0.0 0.4

sup K,,(8,7) | 2.5 0.0 0.3 2.6
Note: n = 100, 1000 iterations are used to generate the table.

5= 61— fo




