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Abstract. In this paper a semiparametric, Bayesian estimator of the long-memory stochastic volatility model’s
fractional order of integration is presented. This new estimator relies on a highly efficient, Markov chain
Monte Carlo sampler of the model’s posterior distribution. The MCMC algorithm is set forth in the time-
scale domain of the stochastic volatility model’s wavelet representation. The key to and centerpiece of this
new algorithm is the quick and efficient multi-state sampler of the latent volatility’s wavelet coefficients.
A multi-state sampler of the latent wavelet coefficients is only possible because of the near independent
multivariate distribution of the long-memory process’s wavelet coefficients. Using simulated and empirical
stock return data, we find our algorithm produces uncorrelated draws of the posterior distribution and point
estimates that rival existing long-memory stochastic volatility estimators.
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1 Introduction

A growing area of the time-varying hetroskedasticity literature is stochastic volatility (Tay-
lor, 1994; Shephard, 1996; Ghysels et al., 1996), in particular stochastic volatility models
whose autocovariance function displays the slow geometric decay commonly found in the
correlogram of a financial asset’s level of risk (Andersen and Bollerslev, 1997). This strong
persistence in volatility has recently been modeled with the fractionally integrated class of
long-memory processes (Adenstedt, 1974; McLeod and Hipel, 1978; Granger and Joyeux,
1979; and Hosking, 1981). Proposed independently by Breidt et al. (1998) and Harvey
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(1998), the long-memory stochastic volatility (LMSV) model accurately reflects the slow
decay found in the empirical autocorrelation of volatility.

Estimation of the LMSV model, however, has been a very complicated endeavor. In
addition to the complexities associated with the high-dimensional integral calculation of
the stochastic volatility’s likelihood function, the slow hyperbolic decay in the fractionally
integrated model’s autocorrelation function makes inverting the covariance matrix compu-
tationally impossible with time series of the length found in finance. Omne solution to the
inversion problem has been to project the LMSV model into the frequency domain and
use the computationally feasible quasi-likelihood function (Breidt et al., 1998). Like its
predecessor, the first-order, autoregressive stochastic volatility model (Taylor, 1986, p. 74;
Scott, 1987), the LMSV model has been estimated with method of moment type estimators
(Wright, 1999). In addition, the LMSV model’s fractional differencing parameter has also
been estimated with the Geweke, Porter-Hudak (1983) semiparametric, log-periodogram
estimator (Deo and Hurvich, 2001).

A Bayesian estimator designed around an algorithm that samples from the intractable
posterior distribution of the LMSV parameter vector augmented with the unobservable
volatilities eliminates the need to compute the likelihood function. Inference with a Bayesian
estimator also does not depend on the estimator’s asymptotic properties. Instead, the
sampling algorithm produces a Monte Carlo draw of the LMSV posterior distribution from
which exact small sample inference can be made. To our knowledge such a Bayesian sampler
of the LMSV model within the wavelet domain does not currently exist.!

The main contribution of this paper is the construction of such a sampling algorithm.
We accomplish this by designing a fast and efficient Markov chain Monte Carlo (MCMC)
simulator in the wavelet domain that converges quickly to the target density and produces
a mix of draws from the desired posterior distribution. Our MCMC algorithm augments
the latent volatility’s wavelet coefficients with the LMSV parameters. Realizations from the
unknown joint posterior distribution are then produced by iteratively drawing the param-
eters and latent volatility’s wavelet coefficients from their conditional distributions where
the conditioning is on the observable returns wavelet coeflicients and the current value of
the other unknowuns.

This paper’s sampling algorithm is innovative in that the long-memory process’s nearly
independent wavelet coefficients are used to design a sampler of the latent wavelet co-

efficients multivariate conditional distribution; i.e., we sample the entire vector of latent

!So (2002) designs a more computationally taxing sampler than ours where artificial disturbances are
used in a simulation smoother of the latent volatilities.



wavelet coeflicients conditional on the data and the value of the parameters in a single
draw. Because a MCMC algorithm draws the latent volatilities conditionally on the value
of the other unknowns, in the time domain the highly persistent behavior of long-memory
volatility causes the MCMC draws to be strongly correlated when each individual observa-
tion of volatility is drawn conditionally on the value of the other volatilities and unknowns.
Such strong degrees of correlation between draws is undesirable since it leads to an inef-
ficient sampler that fails to mix well. In other words, the algorithm becomes stuck in a
particular portion of the posterior distribution and is unable to sample from across the
entire distribution.

Our wavelet domain sampler of the LMSV model does not suffer from this inefficiency.
Wornell and Oppenheim (1992), Tewfik and Kim (1992), and Dijkerman and Mazumdar
(1994) proved for continuous time fractional Brownian motion processes and McCoy and
Walden (1996), and Jensen (1999a,b; 2000) for discrete fractionally integrated series, that
a long-memory process’s wavelet coefficients are ‘nearly’ uncorrelated. This approximately
independent behavior by the latent volatility’s wavelet coefficients enables our sampler to
be quick, efficient and able to produce uncorrelated draws from the targeted posterior
distribution.

We apply our sampler to artificially generated LMSV data and daily stock return data.
For the artificially generated LMSV data our Bayesian estimator produces smaller bias and
mean squared error of the differencing parameter than the GPH estimator, and a smaller
mean squared error than the quasi-maximum likelihood estimator. Empirically, we find
strong evidence of long-memory volatility when the Bayesian estimator is applied to over
30 years of daily stock returns for the S&P 100 company Aluminum Corporation of America.

The contents of the paper are as follows. In Section 2 we introduce the long-memory
stochastic volatility model along with its unique property of long term persistence as quan-
tified by the latent volatility process’s autocovariance and power spectrum. Section 3 con-
structs the Markov chain Monte Carlo simulator for a mixture model of the log-squared
return’s wavelet coeflficients. We also provide in Section 3 the necessary wavelet theory to
construct our sampling algorithm. We would recommend either Mallat (1999) or Percival
and Walden (2000) to those readers interested in obtaining a more complete understanding
of wavelet analysis. Examples of the semiparametric Bayesian wavelet estimator as applied
to simulated LMSV models and daily compounded stock return data are found in Section

4. Our conclusions are contained in Section 5.



2 Model

Define the long-memory stochastic volatility model as:

yr = oexp{h/2}&
(1-L)y = ogm, t=1,...,T, (1)

where at time ¢ the mean corrected return from holding a financial instrument is y;, and h; is
the unobservable log volatility that behaves as a fractionally integrated process.? We assume
|d| < 1/2, and ignore the possible presence of leverage effects (see Nelson, 1991 and Harvey
and Shephard, 1996) by assuming that the innovations & and 7 are uncorrelated standard
normal white noise processes.? The fractional differencing operator (1 — L)%, where L is the
lag operator, x;_s = L°zy, is defined by its binomial expansion. The parameter o is the
standard deviation of the log-volatility and ¢ is the modal instantaneous volatility. Lastly,
we denote the parameters of the LMSV model by the 3-dimensional vector 6 = (o, oy, d)".
The fractionally integrated process, hy, was independently introduced by Granger and
Joyeux (1980) and Hosking (1981).* Since its inception the fractionally integrated process
has been associated with long-memory behavior as quantified by the slow hyperbolic rate

of decay in h;’s autocovariance function:
Elhshiys] ~ |s]?¥t  ass — oo,

where ag ~ bs; means as/b; — ¢, for some positive constant ¢, as s — oo, and the pole at

frequency zero in its power spectrum:
S(w) ~ |w[™*  asw — 0.

These quantitative properties of h; are equivalent to just two of several possible definitions
of long-memory (Beran 1994, p. 42).
When —1/2 < d < 0, h; is said to be anti-persistent or a intermediate memory process

since the autocorrelation function will be negative for all non-zero arguments and will decay

2To enrich the short and medium run behavior of volatility we can add short-memory parameters to hs and
obtain Breidt et al. (1998) autoregressive, fractionally integrated, moving average, stochastic volatility model
(ARFIMASYV). We are currently involved in extending this paper’s wavelet based algorithm to ARFIMASV
models and to the calculation of its likelihood function. Using Bayes factor, this will allow us to test between
long and short-memory models of volatility.

3Meyer and Yu (2000) use the single-step sampler found in the BUGS software to sample latent volatility
when leverage effects are present in a first-order autoregressive stochastic volatility model, whereas, Chan et
al. (2003) design a multiple block sampler of a multivariate stochastic volatility model with leverage effects.
It is unlikely that our efficient reduced block sampler of long-memory volatility and its use of the linear
offset method of Kim et al. (1998) and Chib et al. (2002a) can address leverage effects. Instead, a multiple
block sampler seems to be required.

“For a review of the work performed in economics with long-memory processes see Baillie (1996).
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hyperbolically to zero. Whereas, when 0 < d < 1/2, h; exhibits the strong correlation and
highly persistent behavior of long-memory as quantified by the divergence, Y, |E[hthtys]| —
o0o. Because slow hyperbolic decay in the autocorrelation and strong persistence are the
prevalent features of financial volatility data and is solely dependent on d being positive,
our interest in this paper is in providing a semiparametric, Bayesian estimator of d when
the true value of d is found in the interval (0,1/2).

3 Bayesian estimation of the LMSV

The estimation problem one encounters with the entire class of stochastic volatility models,
regardless of the latent volatility following a short or long-memory process, is the general
intractable nature of a nonlinear latent model’s likelihood function. Because every observa-
tion of ¥ is comprised of the two innovations, & and 7, the likelihood function is a mixture
over the distribution of the latent h:

1wlo) = [ £(yin0)fhio) db

where y = (y1,...,yr) and h = (hy,...,hy)".

The above likelihood function does not have a solution, so both the maximum likelihood
estimator of @ and the Bayesian posterior distribution, n(0|y) o w(0)f(y|@), where = (0)
is the parameter vector’s prior, are untenable. In the Bayesian context this problem is
overcome by augmenting 6 with the unobservable volatilities, h, and sampling from 7 (6, h|y)
(see Tanner and Wong, 1987; and Tierney, 1994). Given M realizations, 0 and A,
i=1,..., M, from 7(0, hly), it follows that inference about 7(f|y) can be made from these
draws since 7(0|y) = [ f(0|h,y)f(hly) dh =~ M~ M, £(0|h®),y)f(hP|y) and by the law
of iterative expectation, M~'>"M, 90) — E[f|y], as M — oo (see Gelfand and Smith,
1990).

Eqg. (1) can be transformed into a infinite dimensional state space model (see Chan and
Palma 1998) by squaring the returns, y;, and taking logs, to obtain the stochastic volatility

model’s linear offset representation:
yi =logo® + hy+ 2 (2)

where y; = log(y? + ¢), z = log&? + 1.2704, and log &2 is distributed log X%1) with mean
—1.2704 and variance 72/2. The offset constant c is introduced to reduce the explosive
nature of the log-squared returns that occurs when returns are close to or equal to zero (see
Fuller 1996, pp. 495-496; Kim et al. 1998). Throughout this article we will stick to the
offset representation with ¢ = 0.0005.



Because of the intractable nature of the stochastic volatility model’s likelihood function,
a Bayesian estimator of the LMSV model’s d amounts to designing a Markov chain Monte
Carlo simulator that makes draws of # and A from the augmented posterior distribution
(0, hly*) (For a general introduction to MCMC simulation see Chib, 2001; and Chib and
Greenberg, 1996). To better understand the workings of a MCMC algorithm for the LMSV
model we define the blocks of unknowns to be § and h. Each blocks conditional distribution
is dependent on y* and the current value of the other block; i.e., draws are made from
w(0|ly*, h) and w(h|y*,0). By Bayes theorem the form of these conditional distributions
depend on the distribution of y*. However, since z; in Eq. (2) is 7id log X%1) both 7 (8|y*, h)
and m(h|y*, ) are intractable.

In the context of a first-order AR stochastic volatility model, Kim et al. (1998) over-
came the intractable nature of the conditional distributions by approximating the log X%l)

distribution with a mixture of independent Gaussian distributions:
ze|se =i ~ N (i — 1.2704,02), i=1,...,K, (3)

where the number of mixture components, K, probability masses, m;, means, u;, and vari-
ances, o2, are set equal to values that cause the first four moments of the mixture distribu-
tion to match those of the log X%1) distribution. By approximating the log X%l) innovations
with a mixture of independent normals Kim et al. (1998) is able to draw 6|y*, h and h|y*,
from tractable distributions. The cost of the mixture approximation is the unknown states,
st, which Kim et al. (1998) augment with the other unknowns and defines as a third block,
sly*, h, 6, in their MCMC simulator. We will use the mixture approach of Kim et al. (1998)
in our sampler of the LMSV and hence, augment our unknowns with the mixture state
vector, s. However, we do not fix the mixture parameters, instead, we allow the data to
determine them a manner explained in Section 3.2.

Sampling from @|y*, h, s, and s|y*, 8, h is fairly straight forward. Sampling h | y*,0, s,
however, is a challenge, especially since h; is a long-memory process. If h; were a first-order
autoregressive process, draws from h|y*, 6, s could be performed with de Jong and Shephard
(1995) multi-state simulation smoother. The simulation smoother sampler of hly*, 8, s is a
backward recursion algorithm based on the Kalman filter that has been successfully applied
to short-memory univariate (Kim et al., 1998) and multivariate (Chib et al., 2002a; 2002b)
stochastic volatility models.

Unfortunately, the simulation smoother is not viable when h; follows a long-memory
process. The reasons is that as a Kalman filter based sampler the simulation smoother of a

long-memory process requires the calculation and storage of the T'xT gain matrix (Chan and



Palma, 1998, Theorem 2.2). Both the calculation and storage of the gain matrix amounts
to a O(T?) algorithm; one in terms of computing cycles, the other in computer memory.
Given the large number of observations commonly found in financial data, the simulation
smoother of a long-memory process will be so computationally taxing and memory intensive,
that when it is integrated into the MCMC sampler the overall computing cost will be
prohibitive.

Faced with the computing and memory costs of the long-memory simulation smoother,
we choose to utilize the favorable properties of the long-memory process’s wavelet coefficients
to design a new, fast, and efficient multi-state sampler of the latent long-memory volatility.
We use the orthonormal wavelet representation of the latent volatility process for the same
reasons Jensen (1999b, 2000) found the wavelet to be useful in analyzing long-memory
processes; the wavelet coefficients of a fractionally integrated process is a near independent,

multivariate, Gaussian process whose variance is of a known functional form.

3.1 Wavelet representation of LM SV

Wavelets are a redundant family of self-similar basis functions in the sense that all the basis
functions have the same shape but are stretched, compressed, and time shifted versions of
one another. This property of the wavelet results in the fractionally integrated process’s
wavelet coefficients being a nearly independent self-similar process whose variance is equal
to a power function of d.

Before we construct our multi-state sampler of the latent wavelet coefficients we first
provide the necessary theory behind the wavelet that is needed to understand how the
sampling algorithm works.> Let 1(¢) be a real valued function that is a member of the
set of square integrable functions £?(IR), is centered near zero, has a norm equal to one,
and satisfies the wavelet admissibility condition, [(t) dt = 0; i.e., 9 oscillates and rapidly
converges to zero as t — +o0o. In the Fourier domain an equivalent admissibility condition
is 27 [ |¢h(w)[?|w|™! dw < oo, where ) is the Fourier transform of 1. Since ¢ € £2, the
function 1) satisfies the inequality |¢)(w)| < C(1+ |w|)~2, for some C < co. So the frequency
domains admissibility condition will be satisfied if ¢(0) = [ 1 (t) dt = 0.5

The function v is called the mother wavelet and from the admissibility condition
can be viewed as a well localized function in both time and frequency space; i.e., in time,
P(t) = 0 as t — +00, and in frequency, |9(w)| < C(1+|w|) 2, for C' < co. In time domain 1)

®For an extensive introduction to wavelet analysis from the vantage point of time series analysis see
Percival and Walden (2000), or see Herndndez and Weiss (1996) for a theoretical viewpoint.

5The admissibility condition is only a necessary condition for the existence of a wavelet. More stringent
rates of decay can be required of & in theory and practice.
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Figure 1: Shannon wavelet

is centered near zero and in the frequency domain the energy of 1& is effectively concentrated
on [—27m, —7) U (m,27]. An example of a wavelet is the Shannon wavelet (Hernidndez and
Weiss, 1996, p. 61):

sin(2nt) + cos(nt)

t) =—
v() m(2t + 1)
whose Fourier transform is:
~oo ] ew? ifw e [-2m, —7) U (7, 2n]
Y(w) = { 0, otherwise.

The localized properties of the Shannon wavelet are apparent in the Fig. 1 plot of 1.

The mother wavelet gives birth to a family of dilated and translated wavelets:
{$i6(0) = 27929277t — k) }

where Z = {0,£1,%2,...}. From the time and frequency properties of 9, it follows that

jkeZ

9, will be well localized in time around 27k and effectively supported in the frequency
domain on the set [-2' /7, —27I7) U (277w, 2 Ix).

The wavelet family {1, ;} constitute an orthonormal basis of £2 in which [ ; x9hj g =
8;(5")0k(k"), where 4 is the unit mass function (Mallat, 1989). As an orthonormal basis any
function = € £2 can be represented as a superposition of the wavelet basis functions:

st)= 3 3 Wwk)
jeZ ke



where

W = [ o) dt.

is the wavelet coefficient of z(¢) at scale j and translation k. The wavelet coefficients
represent the projection of () onto the time-scale domain of the wavelet basis, {1);}, and
possess the frequency characteristics of z(t) on the octave [-2' I, -2 I7)U(2 77, 2! I 7] as
found at the point in time 2/k. Hence, W](fc) fully characterize z(t) in the sense that the norm
of Wj(j? equals the norm of z(¢), and if Wj(fc) is topologically close to Wj(ﬁc) = [y(t); (t)dt,
where y(t) € £2, then z(t) will be topologically close to y(t).

We now project the LMSV model’s linear offset representation of Eq. (2) into the

wavelet’s time-scale space to produce the linear relationship:

(v*) _ ppr(logo®) (h) (2)

Wik =W "+ Wiy + Wi
where 7 = 1,...,J = [logy T], where [-] is the integer portion of the argument and k =
1,...,T/27. The finite number of observations in y* reduces the number of wavelet dilations

to J and number of translations at each scale j to T/2/. Note that when the number
of observations T is a power of two then the number of dilated and translated wavelet
coeflicients will be equal to 7" — 1. For convenience we assume that 7' is always a power of
2, however, when a data set does not have a power of 2 number of observations one simple
pads their data up to a power of 2 by appending il; reverse the observed series.

wdog o)

g from the wavelet representation of y*

Without any loss of generality we drop i

and write Wj(i*) as:

* h z
wiy) =wh) +wi. (4)

2
This is possible because as a constant log o2 wavelet coefficients, Wj(’l,gga ), will equal zero

for every j and k. It follows that logo? # >k W;},gga2)z/1j,k(t), when Wj(,l,gggz) = 0.
However, by definition an orthonormal basis must be able to represent the constant func-
tion logo?. Wavelets accomplish this with a scaling function ¢;(t), where ¢; € £2 and
satisfies the condition [ ¢;(t) dt = 1; i.e., ¢ , like 1), has good local spatial and frequency
properties except ¢ is a weighted moving average filter whose effective frequency support
is [-7/27,7/27].7 The scaling coefficient, VJI) = [z(t)$s(t) dt, is thus a weighted average
of z(t). It follows that:

J T/2

O! 0’2 0 0’2
logo? = Vi) () +3 S Wi Dyu(t)
j=1 k=1

7Tl}e scaling function corresponding to the Shannon wavelet is ¢;(t) = 27 sin(7277t)/(#27t), whose
supp(¢s) = [-7/27, m/27).



Ve g (1) + 0

Since the wavelet coefficients {Wj(’{)} number only 7" — 1, it is the addition of y* scaling
( %

coeflicient, VJy ), that brings about the wavelet representation:

J T/QJ

yfz +ZZ Ilp]k

j=1 k=1

Jensen (2000) and McCoy and Walden (1996) both prove that the wavelet basis is
a ‘near’ diagonalizing operator where the wavelet coefficients of a fractionally integrated

process are:
W ~ N0, Zm) (5)
where

h h h h h h h
W( ) = (Wl( 1)7W1(2)’ . W1(72/2’W2( ) "W531,1’W§31,2’W§,1)),’

EW(h) =~ diag(al,l, 0’172, e aUI,T/Za 0'2,1, . ,O'J_l,l, O'J_LQ, 0(]71),

and o, = 02224 j=1,...,J,andk =1,...,T/2/, with 02 = 21245 ~2d5, (1 -224-1) /(1
2d).

The frequency domain properties of 9 provide an intuitive understanding of this near
independence result. By definition the variance of a filtered process equals the energy (as
measured by the area under the power spectrum) of the original process over the support
of the filter. Hence, the variance of W( ) at a given scale j is proportional to the integral
of S(w) over the set [-2!~/7, —27I7) U (2 3,21 7). More succinctly, since S(w) is an even
function one can integrate S(w) over (277,2'7x], multiply it by 2’/ to normalize for the
support length of ’l&j,k and obtain the wavelet variance, Var W](’}}c) = Uﬁ22dj .

The error in approximating Xy,) with only the diagonal variance elements is a de-
creasing function of the wavelet’s number of vanishing moments, M, where M > 1. Jensen
(2000; Theorem 2) shows that the correlation between W k) and W(, ,)C, decays over scale
and translation at the exponential rate O(|2~7k — 277"k |2 (d=M)=1) " This decorrelation is
important for two reasons: first, although the elements of W(") are not perfectly indepen-
dent they are substantially less correlated than the original long-memory time series, h, and

in light of the rate of decay in their correlation independence is a reasonable assumption;
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second, the off-diagonal elements of 3, are not known analytically, whereas var(Wj(”,?)
are known in analytical form.®

By projecting y* into the time-scale space of the wavelet basis, our objective of draw-
ings from 7 (6, h, s|y*) has now changed to designing a MCMC simulator that draws from
the LMSV model’s wavelet domain posterior distribution, (6, W® s | W®")), where § =
(02,d), and W) W) and s are all vectors of equal length having the same ordered
indices as illustrated by s = (s1,1,81,2,---,51,7/2: 82,1, -, 81,1, 57-1,2,57,1)"-

The near independent, multivariate, Gaussian distribution of W®) affords us an easy
and efficient method of sampling the latent volatilities. With our wavelet representation of

the LMSV we now sample W® | W®") s 6 from:
r(W W), 5,0) o r(W) | 0) WO | W), 5,0)

where f(W®)|W, k ,s 0) is the likelihood function and 7 ( j(,’,? |0) is defined by Eq. (5). We
will detail this condltlonal distribution and its first and second moments in Section 3.4, but
for now it should be clear how the near independent nature of W]-(,’,lc) allows us to sidestep

the difficult task of sampling the highly correlated h;.?

3.2 Mixture parameter selection

As in the time domain case, O|W ) W*) and W™ |W¥™) 0 W) are intractable since
both W(y ) = W(h) + ng,z) and W(k) are not normally distributed. Furthermore, unlike
in the tlme-domaln where z; distribution is known, the density f (W;,k)) is unknown, as
are Wj(jc) moments. Hence, we are unable to use Kim et al. (1998) method of setting the
mixture parameters to match the first four moments of the mixture distribution with those
of f ( ) Instead, we adopt the semiparametric Bayesian approach taken by Tiwari et
al. (1988), Chib and Hamilton (2002), and Hirano (2002), where the unknown distribution
of the innovations are modeled nonparametrically by a Dirichlet process. In essence we

relax the normality assumption of & found in Eq. (1) and model & as an innovation whose

80ne possible, but very taxing, way of computing the off-diagonal elements of Yy is to use the
analytical formula of a long-memory process autocovariance function to construct the autocovariance matrix.
The entire wavelet coefficients covariance matrix is then equal to the tensor product of the wavelet transform
applied to the long-memory process’s autocovariance matrix; i.e., Xy, ») is equal to the projection of the
autocovariance matrix into the wavelet domain by a two-dimensional wavelet transform.

9An alternative idea for a sampler of W is to use the approximate independent prior of W™ as an
auxiliary model to produce candidate draws. These draws would then be accepted or rejected based on a
Metropolis-Hastings probability calculated with W) exact prior. This approach, however, is not feasible
because X, (») does not have an analytical form and projecting the covariance matrix of h into the wavelet
domain is to costly given the large number of sweeps the sampler requires.
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distribution is unknown and whose form is unrestricted.'®
Ferguson (1983) shows that any pdf can be arbitrarily approximated to a desired L£!
level of accuracy by a countable mixture of independent normals. In the context of the

unknown f (Wj(jc)) this implies:

Zﬂsz ]k ,Uza z) (6)

where Y, m = 1, m; > 0, far(-|us, v?) is a normal pdf with mean p; and variance v?, and
pi € R, and v2 > 0, for i € Z™. This representation of f(Wj(jc)) is equivalent to W(k) belng
conditionally independent and distributed:

2 2
WJ(?Wj,ka Vigk ~ Ntk Vig)-

Denote the mixture distribution’s unknown mean and variance parameters by the vector
(2)

Djk = ik I/JQ-’ i) To produce a Bayesian estimator of d we estimate f (W, k) by augmentlng

its unknowns with the other unknowns, #, W ®: i.e., we sample from 6, W(h), 19|W ) where:

_(.al ! i / / Y
"9_( 1,1y 1,25"'5"91,T/2’ 2,1y ¥ J-1,2y J,l)

has the same dual indexing as the vector s.

We assume a priori that the 9, are independently distributed according to the un-
known distribution function P; i.e., f(W ) [ In(W ]k |,u, 2) dP(pu,v?) where P is the
probability measure on the space, IR X IR+, with weight 7; on the points {u;, Vf}ie z+- In
addition, we assume P is sampled from a dense Dirichlet process with mean distribution
Py = E[P] and precision ag, where ag > 0. For now assume that ag is constant. Later we
will relax this assumption and sample ag along with the other mixture unknowns.

From the definition of a Dirichlet process it follows that:

P~ a()P() Z Z T4,k 619] k

j=1k=0
where {7;;} and {¢;} are independent, 9, ud Py, and dy, , denotes the unit point mass

at the argument 9, (see Sethuraman and Tiwari, 1981; and Ferguson 1983). To simplify

the derivation of 9, conditional distribution we assume P, is of the conjugate form:

g~ 1G(a, B) 1 k3 ~ N (€, 505 ). (7)

'"Mahieu and Schotman (1998) allow the distribution of £; in a first-order autoregressive stochastic volatil-
ity model to differ from normality. They model the distribution of z; as a mixture of normals but choose
to fix the number of components (to three) along with their probabilities. The means and variances of the
mixture components are then estimated along with the model’s other unknown parameters.
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For a given realization of W) one can envision the mixture parameters, 9k, being
independently sampled from P to produce the realization 9. Given the sampled 9, the

observed Wj(jc) are realizations from N (y; k, V?,k). Since P ~ D(agFp) it follows that:

9kl W ~ w0 Pio+ Y. Tk 69, 1, (91 k) (8)
(4,k)# (5 k)

where 9\*) is the vector consisting of all the elements of ¥ other than 9, and the proba-

bilities of sampling from a particular component are:

Tiko O G'Oft(Wj(jc)lga (1+x)B/a; ) (9)
Tik,j'k! X fN(Wj(i)‘/j'j’,k’aV?’,k’)a j'#a K #k (10)

where g0 > 0, Tk, > 0, Tiko + Do jr25 2oprk Tjk,k = 1, and fi is the Student-t pdf:

a+1

(e +1)/2) 1( W) ¢ )2 o
(67 5,k

JlWiile, A+ m)blasa) = mo S @+ wpTa a \ VAt rB/a
whose mean is &, with scale factor ((1+x)8/a)/? and has « degrees of freedom (see Escobar
1994, Theorem 1). From the priors in Eq. (7), the posterior distribution Pj o = P0|Wj(j€)

has the components:
AW ~ TG+ 0)Bi), widl Wi e ~ NEmm/ A+ R) (D)

with B = B+ (W3 — €)2/(1 + ), and &, = (€ + kW,3) /(1 + w).

Escobar (1994) and Escobar and West (1995) prove that draws from the posterior dis-
tribution 9|W(*) can be made with a Gibbs sampler over the conditional distributions
9 i%|9UF), W(2) defined in Eq. (8). A Gibbs sampler over Eq. (8), however, can be inefficient
since the finite number of different elements in 9 can cause the sampler to become stuck at
particular value of ¥J; i.e., too few draws being made from Pj; . We choose instead to use
the more efficient algorithm of MacEachern (1992) and West, Miiller, and Escobar (1994),
which produces draws that are equivalent to sampling from 19|W(z) but by sampling from
v,s, K|[W®), where v = (v1,...,vk) is a 2 x K matrix consisting of the distinct elements
of $and K <T — 1.

Define the elements of the state vector s to be s;; =4, when 9, ; = v;. In addition, let
the matrix vUk) = (U§jk), bR ), where KU%) < T — 2, be the distinct elements of ¥(*)

' YK (Gk)

and let nz(jk) = #{0yp  Vypp = v?'“)}, i =1,...,KU% represent the number of v§jk)
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elements in 9UF). Knowledge of v, s and K is then equivalent to knowing 4, which allows
Eqg. (8) to be rewritten as:

K Gk) ) _
9 1|99F) W~ 7 0 Pigo + > n?k)wﬂ- 519,-,0(’05316)) (12)
=1

where all the variables are defined in the same manner as in Eq. (8)-(11) except with (10)

becoming:

ijzocf./\f( ]k|ﬂza z) (13)

Just as a given realization of W) can be viewed as the outcome of draws from Pk~ Py
and Wj(jc)h?j,k ~ N (,uj,k,l/]%k), 9 can be thought of as resulting from a sequential draw of

the elements of s from:

) Kjx
S |s S Sifp_1~ ————— -I— (5 (z)
i,k 1,1 1,29--- j,k—1
4 A oD ao—}—'n]k—l zla()—l-n],k—l

where njp = #{sjp : j < jk <k}, ng = #{sjp =i :j <4k <k}, and K
is the number of distinct elements in (s11,...,5k-1). If 554 = 0, then ¥, is sampled
from Py and the matrix v is increased by one column with a new mean and variance; i.e.,
VK, p+118jk = 0~ Py and Kj g1 = Kjf + 1.

By Bayes theorem the posterior v, s, K |W(Z) can be simulated by:

1. Drawing sjx, j =1,...,J, k=1,...,T/27, from
K (k)

3j,k|W(z), 9Uk) K(Jk) Nﬂ]ko(s ) + Z n 7r];” sjk(i) (14)

where if s;; = 0, vk 1 is sampled from the posterior distribution, Pjj o, defined in

Eq. (11) and K increases by one.
2. Given s and K, sample v;, i = 1,..., K, from v,—|W(z),s,K by:

(a) Drawing v? from IG(a + #1;, 8;), where #1I; denotes the cardinality of the
set I, = {4,k : Sk = i},

N2 4T, N2
=04 3 (Wm0 g ()

and W\") = 2jkel; W]'(,Z)/#Ii-
(b) Drawing u; from N (&;, kv?/(1+K#1;)), where & = (k > kel Wj(;)-l-f)/(l‘i‘
#IZKI)
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In contrast to the inefficient Gibbs sampler over the conditional distribution of Eq. (8), the
v,8, K |W(z) sampler’s superior mixing behavior is apparent in Step 2 where each sweep is
likely to produce new values of v.

Instead of holding the Dirichlet process’s precision parameter ag constant, Escobar and
West (1995) suggest letting the data determine its value by sampling ag from ag|K. As-
suming the prior 7(ag) = I'(a1, a2), a1 > 0, values of ag can be sampled from ag|K with the

following Gibbs sampler:
1. Draw u ~ Beta(ag + 1,7 — 1).

2. Given u, sample ag from
(a1 +T — 1,02 —Inu) + (1 — 7y)T (a1 + K, a2 + Inu)

where 7, is defined by 7, /(1 — m,) = (a1 + T — 2)/[(T — 1)(az2 — Inw)].

These two steps will be appended to the sampler of v, s, K |W(z) with the hyperparameters
set equal to a1 = 2, az = 0.5, £ =0, k = 4/0.01, @ = 4, and g = 2.1

3.3 Priors

To complete our Bayesian sampler we must specify the form of the prior 7(0). We first
assume that all the unknown parameters are mutually independent. For d the prior is
set equal to d = d*/2, where d* is a random variable from a Beta distribution with the

hyperparameters d() and d®. It follows that the density is:
m(d) x (24)47=1(1 - 2d)?” -1 where dV,d® > 0 (15)
which has an expected value of 0.5d(V) /(d®) + d(®).

The attraction of 7(d) is its ability to impose stationarity and long-memory on h through
its support, (0,1/2). This prior is also flexible enough to be an ignorant, uniform distribution
on (0,1/2) when d) = d®® = 1, or subjectively informative if we were to use historical
data or institutional knowledge in setting the values of d(!) and d®. In the simulations of
Section 4 we use a noninformative prior by setting d!) = d(?) = 1.

Because the value of 03 is not important in describing the long-memory characteristics
of h, we assume our initial knowledge concerning it is accurately represented by the diffuse,
inverse gamma distribution

]
r(03lv0, 00) o (o)~ 0+ exp {—%} (16)
d

"Hirano (1998) find that these values provide a prior of f (Wj(jc)) that contains a broad class of densities
with weight placed on those that are relatively smooth.
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with hyperparameters equal to g = 2 and vy = 0.02.

3.4 Details of the MCMC algorithm

To sample from the desired joint posterior distribution, 8, W), s, v, K, ag | W), we design
a hybrid MCMC sampler that combines the sampler of the mixture distribution parameters
found in Section 3.2 with the Metropolis-Hastings (MH) algorithm (Metropolis et al. 1953;
and Hasting, 1970) developed in this section. Our hybrid MCMC algorithm can be suc-

cinctly stated as follows:
1. Initialize s, v, K, ay.
2. Jointly sample [0, WP)] from 6, WM |W®) s v by drawing,

(a) @ from 8|W®") s v, and then drawing
(b) W" from WP |wE) 9, s, 0.

3. Sample s,v, K, ag from s, v, K, ao|W®), Wh).

The MCMC algorithm begins in Step 1 with the initialization of the mixture distribu-
tion’s indicator vector, s, parameter vector, v, number of components, K, and the Dirichlet
measure of precision, ag. Using the method of composition, # and W) are jointly sam-
pled in Step 2 by first sampling @ in Step 2(a) from 6|W®"), s, v, where W) has been
marginalized out and then drawing W in Step 2(b) from W |W®") s v,6. Chib and
Carlin (1999) and Chib et al. (2002a, 2002b) find that a reduced blocking scheme where 6
and W) are sampled as a single block reduces the serial correlation in the MCMC chain.?
Intuitively, a reduced blocking scheme where draws are made from 6, W (* |W(y ,$,v elim-
inates the functional dependency that exists between W (") and its parameters, 8. Whereas,
sampling separately from 6|W(y*), w®) . s v, and W) |W(y*), 0, s, v, results in strongly cor-
related draws. Step 3, involves sampling s,v, K and ag in the manner spelled out in Section
3.2

The conditional distribution, 8|W "), s, v, in Step 2(a) is proportional to:
(W), s,0) oc w(0) f (W) |s,0,0) (17)
where from Eq. (5) and (6) the density f(W®)|s,v,8) equals:
! exp {— (W]-(f;:) _ usj’k).Q } ]
i 1 k 1 y/2m(02,, +032%0) 2(0f,, +052%)

2Liu et al. (1994) were the first to show that grouping together highly dependent unknowns would increase
the convergence rate of the sampler.

J T/2f

FWW)s,0,0) = (18)
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Eq. (17) is a nonstandard distribution and hence, draws from 6|W ®"), s, v cannot be made
with existing random number generators. We choose to employ the tailored Metropolis-
Hasting algorithm to sample from this intractable density (see Chib and Greenberg 1995,
1998 for a detailed account of this sampler). With the tailored MH sampler we make
a candidate draw of 9|W(y*),s,v by sampling from the multivariate Student-¢ density
fi(:|m, (n — 2)V,n), whose mean vector is m, with scale matrix, (n — 2)V, and 1 degrees of
freedom. In practice we set the Student-¢ mean and covariance equal to:

m = arg max log () FWW)|s 0,0), V=[-8%logn(0)f(W¥)|s,v,0)/(80 60")| 17

0=m
whose values are obtained with the quasi-Newton maximization algorithm developed by
Broyden, Fletcher, Goldfarb, Shanno (BFGS) initialized at the value of § from the MCMC
samplers previous sweep. The degrees of freedom is set to n = 10.

Denote the candidate draw from the Student-¢ distribution as €. The draw, €', is
accepted as a realization from H\W(y*), s,v with Metropolis-Hastings probability:

nir(y*) _ min (@) fWW)|s,0,0") f(0lm, (n—2)V,n)
a(0,0'|WY¥) s v) = { W(H)f(W(y*)|3’fU’9) F.(0'|m, (1 — 2)V,n)’ 1

where 0 is the value of the parameter from the previous sweep. In other words, §’ will be ac-

cepted with probability (6, 8'|W®"), s, v) as a realization from 8|W ") s, v, or conversely,
6 will be kept with probability 1 — a/(6, #'|W¥"), s,v) as the sampler’s current realization.

Because of the wavelets approximate independent nature, draws in Step 2(b) from the
multivariate distribution W (" |W ),0,s,v can be sampled individually from the tractable

univariate distribution:
(Wi W0, 5,0) o n(W10) F (WO W), 0, 5,0)
where W(WJ(,’,;)W) ~ N(0,0222%) and the likelihood function equals:

7 T/QJ"

fw |Jk,031) HH !

poi RS o 4 o2, )

(W W )

2032 +7,,)

X exp{§ —

By completing the square on the kernel of f (W(i‘/*)|Wj(7}}C),9,s,v) and multiplying it by
InW ] " |0 02224) we find the conditional latent wavelet coefficients are approximately

independent and distributed:
h
WIW ), 0, 5,0 ~ N (W g, 1v2,)
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W — ( (Eg,k) ' )W(y*) 2 = 1
ik = | 7=~ ~— . ik = =3 = <
J (U?k) 1+(0222d]) 1 gk jk (U?,k) 1_}_(0(2122@) 1

W) o) —2 _ 2 202dj 13
with Wiy " = Wi’ — ps;,, and 75 = o5, + 0527,

4 Examples

In this section we report the results from our MCMC algorithm when it is applied to
simulated and daily stock return data. For both the artificially generated and real stock
return data we use the Daubechies (1992, p.198) least asymmetric wavelet that has M = 4
vanishing moments; i.e., [t")(t) dt = 0, for n = 0,1,2,3, to compute the log-squared
returns wavelet coefficients. A number of issues were taken into consideration in choosing
this wavelet; issues like boundary effects and possible statistical artifacts caused by a wavelet
with a large number of vanishing moments. We choose the Daubechies least asymmetric
wavelet with four vanishing moments because it favorably addresses each of the above points
while possessing the extraordinary theoretical property of diagonalizing a long-memory
process’s covariance matrix (Whitcher, 1998; and Percival and Walden, 2000, pp. 346-349).

4.1 Simulated LMSV

Using the programming language OX (Doornik, 2001), we generate and estimate LMSV
models comprised of T' = 4096 observations for the array of long-memory parameter values,

d = 0.1,0.25,0.4."* Each simulated model’s innovation term, 7;, is Gaussian whitenoise

2:
n

The MCMC algorithm initial starting values are dy = 0(21,0 = 0.333, pjx = 0 and
0]2-,,c =20,forj=1,...,Jand k= 1,...,T/27, for the simulated LMSV data cases and the
empirical data as well. We used other starting values and found no distinguishable difference
in the MCMC results from those reported here. We burn-in the MCMC algorithm to allow
it to converge to the target posterior distribution by discarding the first 1,000 of 6,000 Gibbs

with variance o 0.1. We also let the instantaneous volatility, o = 1.

draws.

13The mean and variance of W(Wj(,’,’c)|W(-"*), 8, 5,v) have a nice intuitive appeal. W,y is a weighted average

of Wj(f;;) prior’s mean (which is zero) and the observed data reduced by the mixture’s mean, W&k)), where
the weight is proportional to the precision of the data, (6]24,,0)71/[(6]2%)71 +(042°¥)7']. The variance, I/fk, is
the inverse of the linear combination of the prior’s precision, (6422%)~!, and the data’s precision, (E?-,k)’l

4We use the algorithm of Hosking (1984) to generate the latent fractionally integrated processes.
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To determine if our sampler has converged to the target posterior density and is making
uncorrelated draws from the posterior distribution, we measure the observed serial correla-
tion in the draws of the unknowns with its inefficiency measure:

L
1+ ]\?—Jj;K (%) p(7),
where K(-) is Parzen’s filter (see Percival and Walden, 1998, p. 265), p() is the sample
autocorrelation function of the drawn parameter, N is the number of draws (N = 5,000),
and L is the largest lag at which the autocorrelation function is computed (In the simula-
tions below we find that the MCMC draws correlogram decays so rapidly that L = 100 is
adequate.).

The inefficiency measure quantifies the loss associated with using the correlated draws
from the sampler, as opposed to hypothetically independent draws, to compute the posterior
mean. We also use the inefficiency measure to compute the posterior mean’s numerical
standard error (NSE). A Bayesian parameter estimate NSE is simply the square root of the
product between the inefficiency measure and the sample variance of the draws (Geweke,
1992).

Table 1 contains the results from our MCMC algorithm for the simulated LMSV mod-
els. In the first five columns of Table 1 the true value of d, and the posterior’s sample
mean, numerical standard error, inefficiency measure (Ineff.), and 5 and 95 percentiles (in
parenthesis) for d are listed. The Metropolis-Hasting probability of acceptances, «(6,6’),
for the draw 6|W "), s, v are tabulated in the sixth column.

Table 1 also reports the the popular Geweke and Porter-Hudak (1983) estimate of d and
its 90% confidence interval in the seventh and eighth columns using [v/T] frequencies. Like
our Bayesian estimator, the GPH is a semiparametric estimator of d but is based on the
log-periodogram regression. Because log y? is not Gaussian the asymptotic properties found
by Robinson (1995) for the GPH estimator do not hold under the assumptions of the LMSV
model. However, Deo and Hurvich (2001) find the GPH estimator of the LMSV model to
be downwardly biased with an empirical standard deviation closer to the standard errors
associated with regression theory than to its theoretical asymptotic standard errors. The
values in the parenthesis found in Table 1 for the GPH estimates of d are its 90%-confidence
interval calculated with the regression’s standard error.

The ninth column of Table 1 contains the estimates of d using Breidt et al. (1998)
quasi-maximum likelihood estimator (QMLE). Unlike our Bayesian estimator and the GPH
estimator, the QMLE is a fully parametric estimator of d that requires specification of the

order of short-memory parameters. With the model fully specified the QMLE is computed
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id

yr = exp{ht/2}&, (1 — L)%hy=my, t=1,...,4096, n: <~ N(0,01)

Bayesian

d Mean  NSE  Ineff. 90% Conf. a(0,0') | GPH 90% Contf. QMLE

0.1 |0.1145 0.1086 3.2201 (0.0109, 0.2341)  0.6878 | 0.0714 (-0.0898, 0.2326)
0.25 | 0.2130 0.0854 2.7481 (0.1037, 0.3063) 0.8118 | 0.0826 (-0.0786, 0.2438)
0.4 |0.3092 0.0836 4.8751 (0.2286, 0.3836) 0.8410 | 0.1788  (0.0176, 0.3400)

Table 1: The semiparametric Bayesian (Gibbs sample of 6,000 draws with the first 1,000
draws discarded), and GPH (using [T"'/?] frequencies) estimator and the parametric QMLE
estimator of the long-memory parameter for simulated LMSV data where NSE is the numer-
ical standard error, Ineff. is the inefficiency factor, 90% Conf. for the Bayesian estimates
denotes the 5 and 95 percentiles of d posterior distribution, and the GPH 90% confidence in-
terval is computed with the log-periodogram least-squares regressors standard errors, where
the errors are assumed to be independent with mean zero and variance 72/6. The asymp-
totic properties of the QMLE for the LMSV model are unknown hence its 90% confidence
interval is not reported.

by maximizing the approximate frequency domain likelihood function under the assumption
that y* from Eq. (2) is normally distributed. The QMLE of the LMSV has been shown to
be strongly consistent (Breidt et al., 1998), but its other asymptotic properties are not yet
known. As a result we do not report a 90%-confidence interval for the QMLE.

The inefficiency measures found in the fourth column of Table 1 indicate that our MCMC
sampler is mixing well and producing near independent draws of d from the posterior dis-
tribution; the inefficiency measures are all less than five. Thus, a draw of 5,000 from our
MCMC algorithm is sufficient for the Monte Carlo standard error of the posterior mean
to be no more than one tenth of one percent. These small inefficiency measures are also
evidence that integrating out the latent wavelet coeflicients from the draw of 8, sampling 6
with the tailored MH algorithm, drawing the latent volatilities from their wavelet domain,
and using MacEachern (1992) and West, Miller, and Escobar (1994) efficient sampler of
the mixture parameters has lead to a very efficient algorithm.

Further evidence of efficiency and the important role the tailored MH sampler plays
in the MCMC algorithm is found in the values of the Metropolis-Hasting probability of
acceptances, «(6,0'). In Table 1 all of the MH acceptance rates are greater than 68%.
Hence, the draws of 6 are not getting stuck in a particular region of the conditional distri-
bution, 0|W(y*),s,v. Instead, the MH sampler is making uncorrelated draws from across
the unknown distribution.

We find the Bayesian point estimate of the fractional order of integration in Table 1
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when d is equal to 0.1 and 0.25 to be of a desirable nature. Each posterior distribution is
concentrated around the true value of d = 0.1,0.25 as is evident in the posterior’s mean
being no more than 0.04 different from the true d and the NSE no larger than 0.11. The
only noticeable difference is in the smaller MH acceptance rate when d = 0.1. This is
understandable since in this case d is close to the zero lower bound of 7(d) and the likelihood
of drawing a candidate value less than zero is greater when the LMSV models has a small
valued d.

When the true d = 0.4 the Bayesian estimate of the long-memory parameter is 0.3. By
itself this point estimate is not troubling, but combined with the estimate’s small numerical
standard error and its tight 90% Bayesian confidence interval, the true value of d fails to
fall within the confidence interval (one should note, however, that the Bayesian estimator’s
95 percentile of 0.3836 is close to capturing the true d). The two other Bayesian confidence
intervals in Table 1 for d = 0.1,0.25 are also tight, but because their Bayesian point esti-
mates do not underestimate the true d in these cases, their confidence intervals do capture
the true fractional differencing parameter.

In comparison to the Bayesian estimator, both the GPH and QMLE estimates of d are
substantially smaller than both the Bayesian estimates and the true long-memory parameter
value. The GPH’s standard error are also considerably larger than the Bayesian estima-
tors. Finding that the GPH underestimates the true value of d is not surprising given Deo
and Hurvich (2001) theoretical and empirical findings that the GPH estimator on average
underestimates the degree of long-memory present in volatility. However, because of this
underestimation, the GPH estimators 90% confidence interval fails to capture the true value
of d in two out of the three experiments (d = 0.25,0.4).

4.2 Frequentist comparison

An important area of research in Bayesian statistics is the construction of objective ignorant
priors where the chosen prior distribution is noninformative about the parameter’s value
(see Berger and Bernardo, 1992, and the reference therein). One measure of a prior’s level of
objective ignorance is the frequentist volume of its posterior’s Bayesian confidence interval.
Welch and Peers (1963) show that the frequentist volume of the Bayesian confidence interval
will be close to the nominal level used to construct the confidence interval if the prior is
objectively ignorant. By conducting a Monte Carlo experiment and measuring the frequency
at which the posterior distribution’s 90%-confidence interval captures the true value of d
we will be able to compare the objective ignorance of the prior.

In our Monte Carlo experiment we generate 100 stochastic volatility series where the
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latent volatility process h; is one of three fractionally integrated models:

(1-L)¥h,=nm, t=1,...,T,
with d = 0.1,0.25,0.4, 7 “4 N'(0,0.1), and T = 1024,2048. For each LMSV model we
estimate d for the 100 simulated series with the wavelet Bayesian estimator using the priors
described in Section 3.3, the GPH estimator, and the QMLE. A 90%-confidence interval,
(cio,05,cio,95), is then constructed for the two semiparametric estimators.!®> The Bayesian
confidence interval is found by selecting the simulated posterior’s 5% and 95% quantiles
of the drawn ds, whereas the GPH’s confidence interval equal JGPH + 1.640gpy, where
ogpy is the standard deviation for the estimated slope in the GPH log-linear periodogram
frequency regression under the assumption that the residuals are independent with mean

zero and variance 72 /6.

5nference cannot be made with the QMLE since its asymptotic properties are not known.
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Each of the three long-memory parameter estimator’s empirical bias and mean squared
error (MSE) from the Monte Carlo experiments are reported in Table 2, along with the
empirical frequency at which the true d falls outside the Bayesian and GPH estimators 90%
confidence intervals, i.e., P(d < 30_05) and P(d > 30_95). Both semiparametric estimators are
downward biased, but when d = 0.1,0.25 the Bayesian estimator is significantly less biased
than the GPH estimator. When d = 0.4, the bias of the two semiparametric estimators are
nearly the same. We also find the GPH estimator’s MSE to be significantly larger than the
MSE of the Bayesian estimator for both small and large values of d. In slightly more than
half of our experiments the QMLE is also biased downward but of a smaller magnitude
than the semiparametric Bayesian estimator in every case except for when d = 0.1. The
empirical mean squared error of the QMLE, however, is larger than the Bayesian estimators
in all six experiments.

There is a significant difference in the coverage of the two semiparametric estimators
confidence intervals. The downward bias and the tightness of the posterior distribution
causes the 90% Bayesian confidence interval to either over capture the true d (the case
when d = 0.1), or the 90% percentile of the posterior distribution too often falls below the
true d as is the case when d = 0.25,0.4. The GPH estimators confidence intervals also
suffer from being downward bias, but, because the GPH estimator has a larger standard
error its confidence interval captures the true value of d more often than is suggested by its
asymptotic properties.

In the experiment where d = 0.1, the coverage of the Bayesian confidence intervals
suggest that the uniform prior over the interval (0,1/2) for w(d) is too informative. However,
when this finding is contrasted with the number of times the Bayesian confidence intervals
captures d = 0.25,0.4, the uniform prior appears to be too ignorant. If one knew before
hand that d is large, better inference could be obtained by using this information in the prior
of d. Such a prior would not only help the Bayesian confidence interval capture the true

parameter value, it would also help to reduce the downward bias in the Bayesian estimator.

4.3 Stock returns

Over the past few years the presence of long memory in the volatility of equity returns
and foreign exchange rates has come to dominate the literature on temporal dependencies
in financial volatility. These findings of strong persistent volatilities have been discovered
in both daily financial data measured over long time horizons, and high frequency, tick-
by-tick data recorded over shorter time spans. Up to this point the empirical work on

long-memory dependence in volatility has always involved the frequentist based GPH or
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Bayesian Estimate
Para. Mean NSE Ineff.  «(0,6) GPH QMLE
d 0.3481 0.0952 13.1960 0.8918 0.3598 0.4799
(0.3043, 0.3903) (0.2416, 0.4781)

Table 3: Bayesian estimation of a long-memory stochastic volatility model for Aluminum
Corporation of America daily compounded returns from July 3, 1962 to December 31, 1997
(T = 8,938). The values in parenthesis are the 90% confidence intervals for the estimated
d.

QMLE estimators.

For example, Bollerslev and Jubinski (1999) and Ray and Tsay (2000) have investigated
the long-memory behavior in the volatility of the Aluminum Corporation of American (AA)
daily stock returns. Bollerslev and Jubinski (1999) use Robinson’s (1995) bivariate version
of the GPH estimator to estimate the long-memory parameters of absolute returns and
volume, whereas Ray and Tsay (2000) apply both the univariate GPH estimator and Breidt
et al. (1998) QMLE to log-squared returns. Each find evidence of strong persistence in
the volatility of the AA daily stock returns with a long-memory parameter estimate of
approximately 0.35 and an asymptotic standard error close to 0.06.

In this subsection, we report the results of our MCMC algorithm as applied to the daily
stock returns of AA. The return data we use is from the Center for Research in Security
Prices database. The continuously compounded returns are corrected for the effects of
stock splits and dividends and consist of 8,938 daily observations from July 3, 1962, to
December 31, 1997. Like the Fast Fourier transform, the Fast Wavelet transform algorithm
requires the sample size to be an integer power of two and treats the time series as if it were
circular when calculating coefficients near the beginning and end of the dataset. To apply
the Fast Wavelet transform to the entire dataset we draw on the circular assumption of the
transform and append in reverse the daily stock returns to the original data set until we
obtain 214 = 16, 384 observations.!®

In Table 3 we report the same summary statistics for our MCMC simulator along with
the GPH and QMLE estimators for the volatility of AA daily returns. We also plot in Fig. 2
the 5000 posterior draws of d, their histogram, and the first 20 lags of its correlogram.'” As

6 We also tried purging the first 746 observations of the original dataset to obtain 2'® = 8, 192 observations,
and found our estimate of d to be nearly the same as those found using the method described in the body
of the paper.

17 Although not reported we find the histogram and correlogram to be very similar for the simulated LMSV
data when d = 0.4 and T = 4096.
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Figure 2: The 5000 MCMC draws of d, their histogram and correlogram for the Aluminum
Corporation of America’s daily compounded returns from July 3, 1962 to December 31,
1997 (T' = 8,938).

we saw with the simulated data, the inefficiency factor in Table 3 suggest that our sampler
is once again efficient. The sampler is mixing well as is evident in both d’s inefficiency factor

being less than 14 and in Fig. 2 correlogram decaying rapidly to zero.

In terms of the posterior distribution of long-memory parameter, the estimated posterior
density of d is concentrated around the posterior mean 0.3481 with a tight 90% Bayesian
confidence interval of (0.3043,0.3903). These long-memory values all produce the strong
persistent behavior commonly found in the volatility of financial data. In comparison with
the point estimates of d reported by Bollerslev and Jubinski (1999) and Ray and Tsay
(2000), our estimate is similar to these earlier estimates of d. Ray and Tsay (2000) produce
a slightly larger long-memory parameter estimate of 0.355, while Bollerslev and Jubinski
(1999) report a d of 0.379. Both of these estimates fall well within our posterior’s 95%

confidence interval.
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5 Conclusion

In this paper we have described how to quickly and efficiently sample from the posterior dis-
tribution of long-memory stochastic volatility model parameter with a Markov chain Monte
Carlo simulator. The key element to our MCMC sampler is the independent distribu-
tion of the latent variables afforded us by the long-memory volatility’s wavelet coefficients.
This independence in the latent volatility’s wavelet coefficients allows us to replace Kim et
al. (1998) simulation smoother with a simple draw of the latent wavelet coefficients from a
fully conditional, multivariate, independent normal distribution. The simulations conducted
in this paper show that the proposed MCMC sampler is an appealing alternative to exist-
ing frequency based estimators of fractionally integrated models of long-memory stochastic
volatility from which economists can garner confidence in using it to make inference about

the degree of persistence inherent in volatility.
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