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ObjectiveObjective

Develop an alternative procedure for Develop an alternative procedure for 
testing the timetesting the time--invariance (tinvariance (t--
invariance)  of the model parameters, invariance)  of the model parameters, 
by investigating for possible nonby investigating for possible non--
stationaritystationarity in the primary moments of in the primary moments of 
the process.the process.



Features of our approachFeatures of our approach

Focuses on more general forms of Focuses on more general forms of 
heterogeneity (slow moving) rather than heterogeneity (slow moving) rather than 
sudden shifts.sudden shifts.

ResamplingResampling TechniquesTechniques

Rolling Window Estimators of the primary Rolling Window Estimators of the primary 
moments of the stochastic processmoments of the stochastic process



Structural Change: AR(1)Structural Change: AR(1)

AR(1) model:AR(1) model: yytt = = αα00 + α+ α11yytt--1 1 + + uutt, , {u{utt||Ft-1 }~N(0,}~N(0,σσ22))

αα0 0 = α= α00(t)(t) or  or  αα1 1 = α= α11((tt)) or or σσ2 2 = = σσ22(t)(t) , t, tєєTT

where where αα00((t), t), αα11(t) and (t) and σσ22(t) can be any function of time t(t) can be any function of time t

How does tHow does t--heterogeneity reveal itself heterogeneity reveal itself 
on data plots?on data plots?



NIIDNIID

Simulated NIID series Simulated NIID series yytt , constant mean and variance, constant mean and variance



Mean BreakMean Break

Simulated NI series Simulated NI series yytt, single mean break , single mean break 



Trending MeanTrending Mean

Simulated NI series Simulated NI series yytt, smooth change of the mean, smooth change of the mean



Variance BreakVariance Break

Simulated NI series Simulated NI series yytt, , single variance break single variance break 



Trending Variance Trending Variance 

Simulated NI series Simulated NI series yytt, smooth change of the variance, smooth change of the variance



Consequences of Structural Consequences of Structural 
ChangeChange

Models with TimeModels with Time--varying varying 
ParametersParameters
Incorrect Inferences about Incorrect Inferences about 
Economic RelationshipsEconomic Relationships
Inaccurate ForecastsInaccurate Forecasts
Unreliable Policy EvaluationUnreliable Policy Evaluation
Misleading Policy RecommendationsMisleading Policy Recommendations



Tests of Structural ChangeTests of Structural Change

Chow (1960) Chow (1960) 
QuandtQuandt (1960) (1960) 
Brown, Durbin and Evans (1975) Brown, Durbin and Evans (1975) 
Andrews (1993) and Andrews (1993) and PlobergerPloberger (1994)(1994)
BaiBai and and PerronPerron (1998)(1998)
Hansen (2000)Hansen (2000)
PerronPerron (2005) (2005) ––Survey of the literatureSurvey of the literature



Need for Alternative TestsNeed for Alternative Tests

Existing tests have low power in detecting Existing tests have low power in detecting 
smoothly trending tsmoothly trending t--heterogeneity.heterogeneity.



Need for Alternative TestsNeed for Alternative Tests

Hansen (JEP 2001)Hansen (JEP 2001)
“While it may seem unlikely that a “While it may seem unlikely that a 
structural break could be immediate and structural break could be immediate and 
might seem more reasonable to allow for might seem more reasonable to allow for 
structural change to take a period to take structural change to take a period to take 
effect, we often focus on the simple case effect, we often focus on the simple case 
of immediate structural break for of immediate structural break for 
simplicity and parsimony.”simplicity and parsimony.”



Motivating our TestMotivating our Test

AR(1) modelAR(1) model
yytt = = αα00 + α+ α11yytt--1 1 + + uutt ,, {u{utt||Ft-1 }~N(0,}~N(0,σσ22))

Implicit parameterizations:Implicit parameterizations:
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MethodologyMethodology

MMaximum aximum EEntropy ntropy BBootstrap, ootstrap, VinodVinod (2004)(2004)
–– Reliable Reliable resamplingresampling algorithm for small sample   algorithm for small sample   

sizes.sizes.
–– It is designed to be robust to deviations from   It is designed to be robust to deviations from   

the IID assumption.the IID assumption.

RRolling Window Estimatorolling Window Estimator

Bernstein PolynomialsBernstein Polynomials



MEBR Estimators MEBR Estimators 

RRolling Window Estimatorolling Window Estimator



MEBR Estimators MEBR Estimators 

Fixed window length ℓ.Fixed window length ℓ.
Small enough to assume local weak Small enough to assume local weak 
stationaritystationarity
Large enough to be able to estimate the Large enough to be able to estimate the 
momentsmoments

Create J=100 Create J=100 resamplesresamples for the window for the window 
using ME bootstrap.using ME bootstrap.
Estimate the sample mean and variance Estimate the sample mean and variance 
using the ℓ·(J+1) observationsusing the ℓ·(J+1) observations
Repeat for each window.Repeat for each window.



Formulating the Test StatisticFormulating the Test Statistic
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Formulating the Test StatisticFormulating the Test Statistic
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Simulation Set Up Simulation Set Up 

10,000 replications10,000 replications

Sample size: n = 60, 80 and 100Sample size: n = 60, 80 and 100

xxtt~NIID(0,1)~NIID(0,1)



Simulation Set UpSimulation Set Up

Mean HeterogeneityMean Heterogeneity
LinearLinear

QuadraticQuadratic

ExponentialExponential

LogisticLogistic

Single Break at QSingle Break at Q11, Q, Q22 and Qand Q33



Simulation ResultsSimulation Results

Mean tMean t--heterogeneityheterogeneity



Simulation ResultsSimulation Results

Mean tMean t--heterogeneityheterogeneity



Simulation Set UpSimulation Set Up

Variance HeterogeneityVariance Heterogeneity
LinearLinear

QuadraticQuadratic

ExponentialExponential

Single Break at QSingle Break at Q11, Q, Q22 and Qand Q33



Simulation ResultsSimulation Results

Variance tVariance t--heterogeneityheterogeneity



Simulation ResultsSimulation Results

Variance tVariance t--heterogeneityheterogeneity



Empirical IllustrationEmpirical Illustration

DataData
–– Quarterly  Yen/US Dollar 1982Q2Quarterly  Yen/US Dollar 1982Q2--2005Q22005Q2

–– Monthly European Total Turnover Index Monthly European Total Turnover Index 
01/199501/1995--08/200408/2004

–– Annual US Industrial Production 1921Annual US Industrial Production 1921--20042004

–– Quarterly US Investment 1963Q2Quarterly US Investment 1963Q2-- 1982Q41982Q4



Empirical IllustrationEmpirical Illustration

USUS--Japan Exchange rate & EU Total Turnover indexJapan Exchange rate & EU Total Turnover index



5. Empirical Illustration cont.5. Empirical Illustration cont.

US Industrial Production & US InvestmentUS Industrial Production & US Investment



Empirical Illustration Empirical Illustration 



Conclusion Conclusion 

Our test has good power properties for Our test has good power properties for 
detecting smooth trends even for small samples.detecting smooth trends even for small samples.

It is capable of distinguishing between tIt is capable of distinguishing between t--
heterogeneity arising from changes in the mean heterogeneity arising from changes in the mean 
or variance of the process.or variance of the process.

It has good power properties for single breaks, It has good power properties for single breaks, 
suggesting that it can be used in conjunction suggesting that it can be used in conjunction 
with the traditional tests to explore a broader with the traditional tests to explore a broader 
variety of possible departures.variety of possible departures.



Thank You!Thank You!



7. Remarks7. Remarks

Identify the optimal polynomial basis for Identify the optimal polynomial basis for 
hypothesis testing purposeshypothesis testing purposes
–– Ordinary polynomials  Ordinary polynomials  

–– Bernstein polynomialsBernstein polynomials

–– GramGram--Schmidt and LS polynomialsSchmidt and LS polynomials
–– See def 4 and 5, page 57 , See def 4 and 5, page 57 , KoutrisKoutris (2005)(2005)



7. Remarks7. Remarks



7. Remarks7. Remarks

RRolling olling NNonon--overlapping overlapping WWindow indow EEstimatorsstimators



7. Remarks7. Remarks
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