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Models with Structural Shifts

1(1) vector Xy = (X1t,X5)' (P x 1), where

t
Xt - XO + Z US,
s=1

E|Xo| < oo, E(Ut) = 0,2 = E(utuy) and A = ij'il E(utU ;) < oo, such that
TIE(XT —X0)(XT —X0) = Q=T +A+A.

@® Cointegration is the case Q singular:
@ Cointegration implies 3 g, # 0 such that
Zt = X1t — 00 —ﬂOXZt ~ 1(0), where ap = X10 —ﬂOXZO

@® Cointegration exists in modified form if

Zv = X1t — (a0 + a1¢t) — (B, +ﬂ1§0t)lx2t
where

m ¢ =1ift e Aand 0 otherwise
m A s aspecified subset of contiguous observations, of O(T).
m Leadingcase: A = {[Tr]+1,..., T} forO<r < 1.



Cases
1. Regime Shift: B, # 0: shift in cointegrating relation.

([Tri) ™ EXprr — Xo) (X — X0)' =
(T = [Tri)"E(XT = X)) (X1 = X[m)" = Qa.
where Qo and Q; are both singular, but
TIEMXT —Xo)(XT—X%X0) = Q=1rQ1 + (1 -1NQ;
Is in general nonsingular. Also note,
a1 = —fX2.
2. Level Shift: g, = 0, but ay # O:

Interpretation: temporary break in the cointegrating covariance structure with permanent
effect. If

ot = a1 ift = [Tr] + 1, and O otherwise
and
Uit = ﬂ’OUZt + AZt + 0Ot
then

, { X1t — Qo —ﬂoxzt t <|[Tr]
. =

X1t — (a0 + a1) —ﬂOXQt t> [Tr]



Subsample Tests for Noncointegration

Consider subsample statistics defined for A1 € [0,1) and A, € (41,1]
@® Dickey-Fuller t statistic

S g 2R, A2)A%(A, o)

tr(A1,42) = 172
s, 22) (20 201(20,22)2)
where
[TA2]
S2(A1,A9) = AZi(A1,A2)?
(A1,12) Tl - [T/ll t_%}ﬂ t(A1,12)

2¢(A1, 22) = X5 (A1, 42) = BA1, A2) X5 (A1, A2), t=[TA1]+1,...,[TA2).

. _ 1 _
X (A 22) = X1 = F— SZ Xs, t=[TA]+1,...,[TA2l.

[Tz 1T
ﬂ(h,lz)< D x&(zl,zz)xzul,zz)) D %A1, 22)x5(A1, A2).

t=[TA1]+1 t=[TA1]+1



@® Phillips-Perron (1988) non-parametric autocorrelation correction:
HAC covariance estimator

I(A1,42) [TA2]
= *
Ci(A1,12) [T/lz] ] Zl let [TZ;LH Zt(A1,22) 71 j(A1,42) (*)
= = 1

where (e.g.)
wij = 1-j/(1+1(A1,22)),  1(A1,42) = O(([TA1] - [TA2])™®)

2”2  (2e1(A1,22)A2(A1, A2) — Ci(A1, A2))

S04, 22) (B0 2010, 22)7)

_ $°(A,A2) tr(A, Aa) — [T(A1 = 242)]Ci(A1,42)
5 ,

S?(A1, A2) S, 22) (X2 204(01,22)7)

Z1(A1,A2) =

1/2

where
S]z(ﬂ.l,iz)z = Sz(ﬂ.l,iz) + 2C|(ﬂ.1,12).

m Asymptotically equivalent to tt(11,A2) in case u; is serially uncorrelated.

@® Useqr(41,A2) in the sequel as generic notation for cointegration statistic,



Subsampling Schemes

We consider the class of tests based on extreme values of subsample statistics over alternative
of sets of (41, 42) values:

Split Sample:
{11;12} = AS — {{O’ l}’{%’l}}

{11,12} S Aér = Aor U {O,l}
Incremental Samples (Ao):

Forwards:
{A1,A2} € Aot = {0,[A0,1]}

Backwards
{11,12} € A()b = {[0,1 — /10],1}

Rolling Samples (1o)
{11,12} € AOr = {[0, 1- lo],lo + 11]}

{11,12} e Af = As U {0,1}



Subsample Extremum Tests

1. Split Sample Tests
Qst = min  gr(Ag,42)

{A1,A2}€As

= min  gr(41,42).
{A1,A2}€AE

2. Incremental Tests (1o) :
QiT()vo): inf qT(ll,lz).

AeAofUAop

3. Rolling sample tests (Ao) :
QrT(lo) = Inf qT(/ll,lz)

A,EAOr

Qfr(4o) = Inf gr(A1,12)

/’LEAOr



Asymptotic Analysis
Define, forr € [0,1] :

X1(r) = TY2xqy B(r), BM with covariance matrix Q
[Tr]

Jr(r) = T2 xeaui. J(r) = j; BdB' +rA

Assumption 1
(X7,Vecdr) S (B, Vecd) (1)

where * 5 * denotes joint weak convergence with respect to the Skorokhod metric on
D[0, 1]P+P),

Assumption 2
|(o 1)

Yw.,?ututjeA

t=1+j

where 1() and w; are defined in (*) and 5

@® Conditions suffcient for (1) given in (e.g.) Kurtz and Protter (1991), Hansen (1992).
@® Limits lie in C[0,1], so Skorkhod convergence equivalent to uniform convergence

denotes convergence in probability.



Basic Idea: For given (11, A>), subsample statistics are continuous functionals of (B, J).

Let W denote a standard p-vector BM having variance matrix 1.

Define:
A2
W (r) = W() -W(a1) - | “Wds, A1 <1< 4
A1
Ao -1 Ao
{01, 2) = (j W;W;’dr) j W3W:dr.
A1 A1
A1, 42) = (1, —{A1,A2)")" (px1)
Similarly, let

}{,2 12 )*2
WHdW'= j (W(r) — W(A1))dW' — (W(4,) - W(4,)) j W(ds.
A1 A1 A1

If W = LB where Q = L'L, further note

A2
WAW' = L[I(A2) = I(A1) — (A2 — A)AL"L,
A



Under Assumptions land 2, CMT implies
E,22)' | j WH*dWEL1, 12)

Z1(A1,42) S T(A, A2) = i
V122 80, 72) [E2a,22)' [} WW drd2a, 22)

Remark:
Marginal distribution of (11, A7) is standard DF distribution, independent of A1 and A».

Theorem

Under Assumptions 1 and 2, the weak convergence specified in

inf  Z1(A1,42) > inf z(A1,A2)

{A1,A2}€A {A1,A2}€A

holds for the cases A = Asand A = A¢,and also A = Aot U Aop, A = Agr and A = Ag, for
any Ao > 0.
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Regressors  Type Ao 50% 10% 5% 2.5% 1%
1 Qst — | -2.480 | -3.336 —3.621 -3.835 -4.156
Qf — | —-2.620 | -3.464 -3.745 -3.992  -4.308

Qir(A0) 0.5 | -3.200 —4.049 -4.275|-4.530 —4.784

0.35| —3.403 | —4.206 | —4.454 -4.670  —4.948

0.2 | -3.564 —4.329 -4.566 -4.78  -5.041

0.1 | -3.702 —4.433  -4.648 -4.863 -5.143

Q(A0) 0.5 | —3.336 | —4.168 | —-4.419 -4.621 —4.898
Q5(4o) 0.5 | —3.365 —4.167 -4.395| —4.624 —4.881

2 Qst — | —2.895 | -3.746  —4.010 —-4.274 | —-4.568
QX — | —-3.041 -3.873 -4.129 -4.385 -4.641

Qir(A0) 0.5  -3.636 —-4.461 -4.717 -4.944  -5.200

0.35| -3.801 —4.595 —4.842 -5.034 | -5.281

0.2 | -3.949 —4.718 -4.957 | -5.142 -5.407

Qrr(Ao) 0.5 | —=3.729 | —4.542 | -4.794  -4.990 -5.242
Q5(4o) 0.5 | —=3.757 —4.542  -4.794 | -5.018  -5.270

Critical Values (T = 1000, 40,000 replications)




Monte Carlo Experiments

DGPs:
AX1t = yZi-1 + Ugy, AXpt = —yZi1 + Ut

where y > 0, ua, Uz ~ NI(0,1) and (in any period t)
It = Xot — Q — ﬂXlt.

® Note that
Zt = (1 —y(1 + B))zi-1 + U1t — Pua.

The model is therefore cointegrating if
p+0, 0<y(@d+p) <2

® Inthecase g = 0, Xy Is stationary subjectto 0 < y < 2, while x3; contains a unit root.

® In the experimental model, we allow structural change by replacing a and j by

at(r) = a1y Pr(r) =1+ B o
where

Thus, the model allows one break (0 < r; < 1,r, = 1) ortwo breaks. (0 < r; < rz < 1).

@ = 1forry <r <ry, 0otherwise

12



Points

@® "Rejection” in tables means
1. Did not reject I(1) hypothesis at 5% level (ADF) for at least one variable in the set.
2. Conducted cointegration test with normalized variable = variable with largest ADF.

3. Rejected at 5% level.

@® Break points r; and r, are randomized in replications: drawn from UJ[0, 1] distribution.

@® Boldface in tables shows maximum of row.
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y | ADF | Qs s Qir(0.5) Q(0.5)  Q5(0.5)  1(1)
Ho 0 |0.016| 0.052 | 0.037 @ 0.031 0.033 0.036 | 0.99
Case 1 0.05] 0.38  0.14 0.28 0.19 0.08 0.12 10.95
No Break 0.1 | 0.88 | 0.53 0.84 0.78 0.35 0.64 0.90
0.2 | 0.84 | 0.84 0.84 0.84 0.83 0.84 0.84
0.5 0.92 | 0.92 0.92 0.92 0.92 0.92 0.92

Case 2 0.05| 0.06 @ 0.12 0.12 0.12 0.07 0.08 1
1 Intercept Break | 0.1  0.15 | 0.41 0.37 0.59 0.31 0.35 |0.99
a1 = 10 0.2 | 0.21 | 0.94 0.93 0.95 0.91 0.91 | 0.97
ri ~ U[0,1] 0.5 0.12 | 0.98 0.98 0.97 0.98 0.98 0.98
Case 3 0.05| 0.06 @ 0.08 0.09 0.07 0.05 0.05 10.99
2 Intercept Breaks | 0.1 | 0.15 @ 0.25 0.23 0.27 0.21 0.23 |0.98
a1 = 10 0.2 | 0.18 | 0.57 0.54 0.55 0.69 0.67 0.96
ri,r, ~ U[0,1] 0.5 0.14 | 0.60 0.60 0.60 0.78 0.78 0.98

---Continued
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y |ADF | Qg s Qir(0.5) | Qi(0.5)  Q(0.5) | 1(2)

Case 4 0.05 0.04 0.07 0.07 0.07 0.06 0.06 |0.99

1 Slope Break | 0.1 | 0.09 | 0.24 0.24 0.26 0.15 0.18 0.98
p1=-1 0.2  0.11 0.53 0.52 0.51 0.49 0.49 | 0.97
ri ~U[0,1] | 0.5 | 0.09 0.54 0.55 0.55 0.55 0.58 0.98
Case 5 0.05 0.32 0.14 0.25 0.19 0.07 0.11 0.96

1 Slope break | 0.1 | 0.70  0.55 0.72 0.70 0.36 0.56 |0.93
1 =1 0.2 | 0.73 0.88 0.89 0.89 0.87 0.88 0.90

ri ~U[0,1] | 0.5 0.49 0.85 0.85 0.93 0.89 0.91 0.96
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y | ADF Qir(0.5) Qir(0.35) Qir(0.2) Qir(0.1) 1(1)
Ho 0 |0.016 0.031 0.032 0.055 0.10 0.99

Case 2 0.05 0.06 | 0.12 0.10 0.11 0.15 1
1 Intercept Break = 0.1 | 0.15 0.59 0.50 0.47 0.45 0.99
a1 =10 0.2 | 0.21 0.95 0.95 0.96 0.95 0.97
ri ~ U[0,1] 0.5 0.12  0.97 0.99 0.98 0.98 0.98
Case 3 0.05 0.06 | 0.07 0.07 0.08 0.13 0.99
2 Intercept Breaks | 0.1 | 0.15 0.27 0.28 0.26 0.28 | 0.98
a1 =10 0.2 | 0.18 0.55 0.68 0.71 0.74 0.96
ri,r, ~ U[0,1] 0.5 0.14 0.60 0.79 0.92 0.95 0.98
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